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A necessary test for elliptical symmetry based on uniform distribution over Stiefel manifold
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Asymptotic properties of Bayesian type estimators without
assuming that the Hessian matrices of log-likelihood functions
converge
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Third-order average local powers of Bartlett-type adjusted tests:
Ordinary versus adjusted profile likelihood
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AR E AR L DI A~y FICERT 27 VEALDORR Y OFER. BRI
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The Financial Crisis in 2008-2009 and the European Crisis thereafter made many
European states (countries) with currency integration or equivalently member states of the
European Economic and Monetary Union (EEMU) confronting severe budgetary and
unemployment problems, as reflected in Greek economy, where as of May 2013, there are
27 countries in the EU (European Union) among which 17 states form the EEMU. The
European problem is affecting global economies through trade relations and financial
markets, and naturally the world concerns about their future movements, because a collapse
of the EEMU would make a significantly serious impact on the world economy.

In this paper, via interest rate (IR) differential, GB price differential, default probability
(DP) and CDS, we will make a comprehensive credit risk analysis on the GB price data of
the Five States; Germany, France, Italy, Spain and Greece over 2007.4-2012.3. In order to
derive term structures of interest rates (TSIRs), the forward-looking GB-pricing model
proposed in Kariya (1993) and applied in Kariya, Wang, Wang, Doi and Yamamura (2012)
(shortened KWWDY (2012)) is applied to each monthly cross-sectional set of GB prices.
And to derive term structures of default probabilities (TSDPs) relatively to DGB, the
forward-looking CB (Corporate Bond) pricing model proposed in Kariya (2013) is also
applied to each monthly cross-sectional set of FGB, IGB, SGB, and GrGB, which are
regarded as CBs in the model, while DCBs are viewed as non-defaultable reference GBs. In
derivations of TSIRs, P-differentials and TSDPs, we use each monthly cross-sectional set
of GB price data at the last business day of each month where the period of analysis is
2007.4-2012.3. Our arguments are sometimes made associated with the conditions in
Maastricht Treaty, which we will discuss in Section 2 and show a legitimacy of regarding
DGB as a reference GB.

First after making some discussions and observations on the business cycles of the
Five States and the Maastricht convergence condition of IRs, we derived TSIRs via the
bond-pricing model in KWWDY (2012) and compared them. In association with the
budgetary conditions and business cycles of the Five States, we found that (a) in the
sub-period 2007.4-2008.6 the TSIRs of the Five States moved together at the
approximately same levels, meaning that no credit differentiation was found in
IR-differentials, (b) in the sub-period 2008.7-2010.3 all the IRs tended to decrease
gradually as trend movements but their IR-differentials exhibited some credit
differentiation, (c) in the sub-period 2010.4-2011.12 the IR-differentials tended to diverge



and (d) after that they tended to get stabilized gradually. Though F-TSIRs moved together
with D-TSIR before the Euro Crisis, then they deviate. This deviation would have made the
role of the German Government more important for the stability of the EEMU.

Secondly we proposed what we call CRPS measure, which measures directly credit risk
via P-differential between a given GB and DGB-equivalent in terms of euros. The CRPS
measure is model-free once the mean discount function of Germany is estimated. In our
empirical analysis the 10-year CRPSs of Italy and Spain in the mid of the Financial Crisis
2009.3 were respectively about -10 euros and -7 euros, but in the mid of the Euro Crisis
2011.12 they jumped down to about -35 euros and -30 euros. Since the CRPS measure is
additive, it can be used to measure credit risk volume (in euros) of a bond portfolio.

Thirdly the TSDPs of the Four States were derived via CB-pricing model in Kaiya (2013)
and compared. The model enabled us to transform the term structures of CRPSs into
TSDPs, and it turned out that the 10 year CRPSs of Italy and Spain in 2011.12 respectively
corresponded to about 35% and 30% where the recovery rate was assumed to be zero. In
addition we substantiated the observations on credit differentiation obtained through TSIR
analysis in terms of DPs. Also it was observed that the Financial Crisis did not affect the
DPs of France, did increase the DPs of Italy, Spain and Greece to the levels of 6%, 10%
and 20% respectively, but after that their DPs decreased. The time series movements of the
TSDPs of the Four States were associated with business cycles, Financial Crisis and Euro
Crisis.

Fourthly the time series relationships between IR-differentials and DPs of each maturity
were shown to be strongly linear by our regression analysis, which enables us to convert
IR-differentials into DPs for each maturity and vice versa. Consequently the Maastricht
convergence condition can be stated in terms of DPs. It was observed that Italy, Spain and
Greece did not meet the required condition in the period of the Euro Crisis though they are
the members of the EEMU, creating the instability of the EEMU system that was an
economic concern in the global world. But an explicit solution that President Van Rompuy
(2012) planned for a genuine integration of the EEMU will stabilized the EEMU.

Finally we made compared CDS prices of each maturity to our TSDPs by term series
regression and found that CDS prices were well explained by DP levels and slopes of
TSDPs. Since the CDS prices are formed in a different market by different players, this
result will show that our approach and model to deriving TSDP measures are effective. In
addition the regression model will enable us to use for trading CDSs.

Overall, our empirical model analysis on credit risk of the main states of the EEMU will
be effective and the results therein will be useful for decision making in credit investment
and risk management.
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Optimal Investment in Correlated
Stocks and an Index Bond
for Defined Contribution Pension

Ryou YAMAGATA

Graduate Program of Science and Technology
Mathematics Division
Faculty of Science and Technology, Sophia University

1 Introduction

The purpose of this research work is to derive the opti-
mal investment plan to hedge risks and maximize the total
wealth for defined contribution pension (DCP). The target
of investments are domestic and foreign stocks, domestic
and foreign bonds, Real Estate Investment Trust (REIT),
insurance, trust, fund, and other financial products. We
consider the problem where pension members invest in fi-
nancial products including stocks and index bonds. On the
assumption that pension members are not day-trader and
their portfolios are rebalanced once a week at most, we de-
rive a theoretical result of the optimal investment plan with
numerical examples.

2 Theory of the optimal investment problem

2.1 Basic definition for optimal investment
problem

Throughout the following discussion, we assume that
the market is arbitrage-free and complete. Let 1 € [0, T]
be continuous time variable provided that ¢ = 0 is the start-
ing time of DC plan, and ¢t = T is the terminal time of the
pension. Then we define the stochastic price level as

dP(t) .
m idt + ogodWy (1)
PO) = p>0

where the constant i is the expected rate of inflation and
Wo(?) is a Brownian Motion. The volatility of the price
level is 0¢9. And we have the following properties:.

1) The price of risk-free an bond with risk-free rate R is

dB(1)

B0 Rdt
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2) The price process of index bond with real return r sat-
isfies
di(1)

m = (r+ 1) dt+ ooodWy(?)

3) The price process of n stocks are given by

Q)

o udt + 2 dWr(t)

ds
S =
where p is the expected of return vector on the stocks,
¥ is volatility matrix of stocks, and Wr(¢) is Brow-

nian motion vector with W, 1L W; (k # j, k,j =
0,1,2,...,n)

Then we denote the market price of risk by 6, which is
described as a function of r, 7, u, R and X.

Moreover, define the salary process of the pension plan
member by

ar(n
Yo kdt + o dW(t)
k=y+i, oy = oy+00, Y0)=y>0

where vy is the expected growth rate of salary, o is the
volatility of salary, and both are constant. The salary pro-
cess Y(¢) can be solved in the closed form by using Ito’s
Lemma.

Suppose that a DC pension member contributes to an
index bond and 7 kinds of financial products such as stocks
or funds with the fixed contribute rate ¢ (> 0). Then the
portfolio weight process 7(¢) is assumed to be

mo(?)

(1)
n(t) = )

(1)

The first element my(f) corresponds to the index bond,
and (m;(?), my(t), ..., m,(t)) the n kinds of financial prod-
ucts. The member invests share of 1 — )7 7i; in the risk-
free bond. Hence we define the wealth process X”(f) with
an initial value of x (0 < x < o) in the following manner.

dX™(1) = X(t) [Rdt + 77 (t)or (0dt + AW (®)]+cY ()t (1)
where cY(¢) is the amount of money contributed to the in-

dex bond and the financial products at time ¢. In addition,
we set the stochastic discount factor H(¢) by

H(t) = exp {—Rt - %uan% -7 W(t)}

which adjusts for the nominal interest rate and the market
price of risk. The following definition is quoted from [2]



Definition 1 A portfolio vector n(t) is said to be admissi-
ble if the corresponding wealth process X" (t) in (1) satis-

fies
ffT

where {F (t)}; is the Brownian filtration and E, denotes the
conditional expectation given F (t) under P. We call the

term
t

the human capital.

X"(t) +E,

H(s)
HO) cY(s)ds] >0, P-a.s.

T H(s)
H(1)

cY(s)ds}

Assume that the utility function of the constant relative
risk aversion has the form

Pt
-y

uz) = 2
Then, as is discussed in [3], the representative pension plan
member wishes to maximize the expected utility from the
terminal value of the pension fund given an initial invest-
ment of x > 0, that is

max E [u(X"(T)] (3)
TEA(X)
subject to
dX™(t) = X"(0)[Rdt+n" (o (0dt +dW ()| (4)
+eY(n)dt
X"0) = «x (5)

The problem stated in (3)-(5) is the classical terminal
wealth optimization problem. Our final aim is to derive
the optimal portfolio weight process 71(¢) as the solution to
the optimization problem.

2.2 Modeling for optimal investment prob-
lem

We consider the plan member’s future contribution. For
that purpose, define the present value of expected future
contribution process by

——=cY(s)ds

E[ . H()
g(exp (BT = )} = 1) Y (1)

T
D(r) H(s) }

(6)
forz € [0, T] with
B=k—R—-o06

The representation (6) yields the stochastic differential
equation such as

dD(t) = D) (R + o560 dt + oy dW ()| - cY(ddr (7
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Then we obtain the total wealth process

V(@) = X*(1) + D(1) ®)

It follows from (5), (7) and (8) that
dV(t) = dX™(t) + dD(¢)

We consider also that the differential discounted process
of the total wealth. By Ito product rule

d(H(nV (1))
H@®)dV(t) + V(t)dH(t) + dV(H)dH(1)

2.3 Theoretical optimal investment solution

In view of the observation in the previous subsection, we
restate the classical terminal wealth optimization problem
(3)-(5) in terms of V(¢).

max E [u(X"™(T))]
neA(x)

Thus the problem (3)-(5) is replaced by (9).
Let the superscribe (*) be the corresponding optimal pro-
cess hereafter, then the optimal wealth process is given by

max E[u(V(T))] ()
€A (x+d)

Vg

.o Xxtd
Vi) = %Zl ®
with

-y

Z,(t) = exp{l%OTW(t) - % (

)2 ||9|I2t}

Therefore solving for 7*(¢) gives
D(1)

. 1/ 1\l -1
n(t) = ;(0’ ) 0+(0‘ ) (;9—0’1/) —V*(t)—D(t)

which is the optimal weight process of our aim.

3 Numerical work

Some numerical works using real financial data have been
presented in the symposium.
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Statistical Arbitrage on Volatility !

Ngai Hang Chan
Department of Statistics
Chinese University of Hong Kong
Shatin, NT, Hong Kong
nhchan@sta.cuhk. edu.hk

Abstract

This talk discusses recent developments of statistical arbitrage and cointegra-
tion. By virtue of some of the asymptotic results about co-integration tests,
a pair-trading strategy is constructed from which statistical arbitrage can
be developed. In particular, a statistical arbitrage strategy is constructed
for volatility trading. The talk concludes with some of the applications to
financial data.

"Workshop in Statistical Applications and Time Series. November 28-30, 2013,
Kanazawa, Japan. Joint work with Mini Pun and Philip Lee. Research supported in
part by grants from HKSAR-RGC-GRF.
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" Unobserved Heterogeneity in Longitudinal Data: An Empirical Bayes
Perspective”
By Roger Koenker, University of Illinois at Urbana—Champaign

Abstract

Empirical Bayes methods for Gaussian and binomial compound decision
problems involving longitudinal data are considered. A new convex
optimization formulation of the nonparametric (Kiefer-Wolfowitz) maximum
likelihood estimator for mixture models can be used to construct
nonparametric Bayes rules for compound decisions. The methods are
i | lustrated with some simulation examples as well as an application to
predicting baseball batting averages. Comparisons with nonparametric
Bayesian methods based on Dirichlet process priors are also provided.
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FERIE N D FHAELE T & DEIDNIT ICIBRFRHIFIN D 2155 D 2 DDIERE
EHDFEHDHTE &£ DIGH

HERYE - 25 |k s BHE RS - BT A iR (S

1. FUIC

TR S N7 AR BV 2 HEERED S K B 2 o508, REEHICEET 2 REN R BIBHIRG RO & 9 &
bOBFEIFoNS, (1) FAN (2) IHFHIK (simple order) (3)simple tree order (4) ZBINEFHIFITH 5, H 2 1E,
EFFRIR I, e & D ICEFENIRELS RS EE 2028 (REOHELRLY), EROBEEL L HIEHNIC
RELGBEEZONBNIGRLEDBAICEZSNT VS, TD LX) BIBAOKEHNHEIC>WT, HL oL
DIFFEDHED 5N TE TV B A, 1988 EDLRTOWFZEIC DWW TiE, Barlow et al.(1972) % Robertson et al. (1988)
THLIBHIN TS, ZOROFER, Ko, RHEE L OXEHEE IO Wv»TIE, Silvapulle & Sen(2005) % van
Eeden(2006) D€/ 77 7 4 IC k> TSI N T3, F7, ENTIEIR (Chang) & &l (Shinozaki) 3 HlF5e1: %
EZET2HRLHTEE (RMLE) 12 X 2 RMEIC O W THIZE Z #E¢ L. Kubokawa, Tsukuma, Marchand, Perron,
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= 1
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fi

~0S ; 2 2
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HIRAL,
ZEX# : (1)Chang Y.-T. and Shinozaki, N. (2012) “Estimation of Ordered Means of Two Normal Distributions with Ordered
Variances”, Journal of Mathematics and System Science Vol.2, No.1, pp. 1-7. (2)Chang Y,-T. Oono, Y. and Shinozaki, N. (2012),
“Improved estimators for the common mean and ordered means of two normal distributions with ordered variances”, Journal of
Statistical Planning and Inference, 142, 2619-2628. (3)Graybill, F.A. and Deal, R. B. (1959), “Combining unbiased estimators,”
Biometrics 15, pp. 543-550. (4)Hwang, J. T. (1985), “Universal domination and stochastic domination,” Ann. Statist., Vol.13,
No.1, pp. 295-314. (5)Oono, Y. and Shinozaki, N. (2005), “Estimation of two order restricted normal means with unknown and
possibly unequal variances,” Journal of Statistical Planning and Inference, Vol. 131, Issue2, pp. 349-363. (6) Silvapulle, M. J.,
Sen, P. K. (2004). Constrained Statistical Inference. Wiley, New Jersey. (7) van Eeden, C., (2006). Restricted Parameter Space
Estimation Problems. Lecture notes in Statistics 188, Springer.
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LMSR-method & FDFH

IR R PR A & B L AR 7R M2 367K 1K
IR R AR Pewe & B LA JERH R a0 Pk HOK

1 LI

LMS-method (% Cole and Green (1992) THZ S V72 HMIEIENF T FETH 5 (Cole
(1990),Cole,Freeman and Preece(1998) 2 H). LMS-mehod I NMADRLE & B, F1i
i, ZERED 3 SD/NT A —=F e FZle~EEBIZ L > THRADFETH -T2, WEROF
B, A S BMERDHC 1 RTOHRETH L. 0w, ANEHEZRuikL
T-EREDOE & Tk L7z, —#%{k L7~ LMS-method %, LMSR-method & FESZ & 1T
9%. LMSR-method T b HEMT 5 /37 A =2 FHFRETHD. ZOFREZTNT
ZWICZERMNCE T D 1 RTHR i< Z L2 K-> T, AMEDORREREEZ ZRITICIE 2 5
ZENTED.

2 LMSR-method

2.1 LMS-method

T—% {(xyyy) i =1, n} BHFEONTEE, 5 1B Dy OEE, Rl 28
BEAERT T A—=F 2N L(x;), M(z;),S(xi)(i=1,--- ,n) £LT2D. ZDLZE, 3
DDINT A= EHWNTIROE B EZEZD

( Yi L(Ii)_
- <M£9<Ui)i>>s<xi> o e
W L(zi) =0

DL x :
Zy, e Zn "R N(0,1)

ERET D, E LT, RO/AT A=K L = (L(x1),--, L(x,))T, M = (M(x1), -+, M(z,))7,
S = (S(z1), -, S(xn)) T 1ZERIM AL CHEE T . L, M, S 1% Natural Cubic Spline(NCS)
ThoHEMETDH. Zol, EHRSEECLERKII(L, M, S) 1%

(L, M,S) = {(L,M,S) - %LTKL — QTMMTKM — %STKS
ED. T2EL, ap,an, a5 1TFIEIEANNT A =2 THYEMBBEEICL - TEDLND.
KR EERIEL 0(L, M, S) 1%

((L,M,S) = Zn: {L(a:i) log (M%a:)) —log S(a:i)}

=1
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Eb. FLKIX, o (i=1,--  n) IZORMEIFT D nxniT8IToh % (Green and Silver-
man(1994) ZM). SRS EOL B II(L, M, S) Dk Kbz k> THRbNZ L, M,S O

%i%i:(um%HWL@@fﬁﬁe«Mugw-jﬂ%»?§=(am%m,a%gT
Ly

{(:EZ,IAJ(S@D i=1,--- ,n},{(:z;l,]/\/[\(:z:l» g=1,--- ,n},{(xl,g(xl)) =1, ,n}

Z1ED, Zihuba NCS THbd 5. 7—% {(x,y) :i=1,--- ,n}piXZDEHICLT
Beons 3 oDl L(x), M(z),S(z) THE I 5.

2.2 LMSR-method

HE9EH 2R Tfb LT ED b & TO LMS-method @ —#%1{k28 LMSR-method T
5. BRI UTZBRIC B L 72 DB OB O T2 2O RE— 2B 2 5.

2.2.1 MHEEHISEHDOEE

F—4 {(vi,y;) i =1, nhy; = (Wi, yim) L DEORIZEE, 2 ITBT Dy,
DERE, FYfl, BEMRHAERTIT A —2% Li(x;), Mg(x;), Sp(x;) &35, ZDLx,
3ODNRTG A= EHNTIKROLEW A EZ D -

g\ L@
~-1
<M (1‘1')> |
Ek(mi)sk(%‘) , Li(xs) #0

Zik = a=1,---,n; k=1,--- ,m.

w s Li(zi) = 0

ZLC, Zi=(Zun, - Zim)T EBE

AUET S, 2 2 CI(R(x;)) 137 A—% R(x;) 12 £ THIESNAHBTSICHS. £,
Ly = (Li(x1), -+ s Li(zn)"s My = (My(21), -+, Mi(2))", Sk = (Sk(21), -+, S(wn))"
k=1, ,m)BEXOR=(R(z1), -, R(zn))T ZRMD T A—2 L L, Zhb %50
R EIECHEET S, 22T, L, M, Sp(k=1,--- ,m) BE PN RIZINCS TH D LK
L, L=(LT, ... L' M=MT,... M) §=(ST ... SI\I' L. Zok
&, ERMSEOL RS IN(L, M, S, R) %

IKLALSJU:aLJLSJa—%QFKL—%?MTKmpigs?Ks—%HﬂKR
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LD 220, ap, am,as, ap TR T A—2Th b, ML EREE (L, M, S, R)
[

(L,M.S,R) = E:; {i {Lk(xi)log <MZ(Z)> — log Sk(%’)}

k=1
g o8 (RG]~ T TR ) 2 |

THY, zi = (2, 2zim)! (i=1,---,n) THD. KiZnmxnmirdThbh, K=
L, 9K LEFETDH. 12720, L idmxmOBENITHITHY, QU7 oxry h—fEEERL
T 5. SR e O B % (L, M, S, R) D RIBIZ Lo TIROMNTZ Ly, My, Si(k =
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(k= R
i) e ) 1) i) 1),

—

k=1,---,m,
{(mz,}?i(xz)) :i:1,--~ ,n}
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LoTHMAEND.
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Zy, - Zn R NG(0,1(p))
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B ERM L, M, S, p) IX
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X
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=1
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{(mz,fk(:c,)> =1, ,n},{(xz,l\/l\k(mz)) =1, ,n},{(m,,gk(a;z» i=1,--- ,n},
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k=1, ,m
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B END.

)T
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(SN Berwin(2005 Sec 2.2) THRESI N FEZ AW THFAEOHK AN % 72 NCS T
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it,NCS_iof¥@ML%%ﬂk@%§@Qd%ﬁ%@ﬁ%%%bfwé.Oi@,

~1<R(x)<1

~

LRLMENDD. T 2T, WERR=(R(1), - ,R,))T £V
{ QZ‘Z,E(ZL‘@)) Z:]-a 7n}

A1ED, Berwin(2005,Sec.2.3) THZE S i= Fika FCH RO % N 2 72 NCS TF
WALT 5. ZOXHICLTHELNIMR R(x) TR E%E 2D,

ZE 3K
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Asymptotics for M-Estimators in Time Series
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In this talk, we give conditions which guarantee the asymptotic normality of M-estimator
based on the observations from autoregressive (AR) models in the time series analysis by
minimizing some convex objective functions. The objective function is defined by two-
variate function since the scale parameter of time series model has to be estimated as well
as the coefficient parameters. In addition, we do not assume the differentiability around
the true parameter of the objective functions. The results are extended to M,, estimates.
Examples of the results are also provided.

First, we reviewed the history on the development of M-estimation from the point of view
of relaxing the condition of the differentiability around the true value. It has been a half
of a century since Hodges and Lehmann (1963) proposed a Lemma on the asymptotic nor-
mality for the estimation of location before Huber, who changed the idea into the concept
of M-estimation. More precisely, Huber showed the asymptotic normality of M-estimators
for convex real-valued function and investigated the robustness of the estimators in 1964.
Koenker and Bassett (1978) provided the theory on the regression quantiles by employing
the idea of Huber. Pollard (1991) reinvestigated the properties of convex objective func-
tion and proposed the convexity lemma. Niemiro (1992), following the line in Habermann
(1989), established a Bahadur-type representation of the estimators. Further, Bose (1998)
generalized the results in Niemiro (1992) to the case of M, estimators including Oja’s me-
dian, univariate robust scale estimator of Bickel and Lehmann and Hodges and Lehmann’s
estimator.

To evaluate the efficiency and robustness of the estimators, we focused on Martin and
Yohai (1985). They summarized the concepts into four types such as Tukey’s efficiency
robustness, Huber’s min-max robustness, Hampel’s qualitative robustness and Tukey’s re-
sistance. We did not enter into the last two concepts here. Tukey’s efficiency robustness is
defined as the ratio of the Cramer-Rao lower bound at the parametrized joint distribution
of the samples to the variance of the statistic derived from the samples. In the asymptotic
case, the ratio can be written as one over the product of the asymptotic Fisher informa-
tion and the asymptotic variance of the statistic. Huber (1981) formalized the min-max
robustness on the asymptotic variance of the statistic at the distributions of the samples
and call the statistic min-max robust if the statistic is the infimum over all statistics of
the supremum over all distributions of the samples of the asymptotic variance. Since the

1

_27_



underlying distribution is not known generally, Huber (1964) and Huber (1973) proposed
minimizing the objective function of i.i.d. samples normalized by its scale parameter.
However, the scale parameter is also unknown in time series analysis. We further gen-
eralized M-estimators to be a two-variate function, estimating the scale parameter and
coefficient parameters of AR models simultaneously. The usage of two-variate function cor-
responds to the Whittle’s estimators, which is optimal in higher order efficiency in the
frequency domain in time series analysis. We suppose the objective function to be convex
but may not be differentiable around the true parameter. In this case, the theory contains
the L; norm, which means that the quantile estimators such as least absolute deviation
(LAD) estimator are also considered. Thus this class of M-estimators is larger than the
Whittle’s estimator since the theory in the frequency domain mainly depends on Ly norm.
The estimators may be more robust beyond those estimators whose objective function
defined in Lo norm if the underlying distribution of the samples has a sufficiently large
deviation. The approach for L norm, which receives broad attention, has been developed
in the i.i.d. case, regression case and also recently in time series case (see Koenker (2005)).
The conditions in this talk for asymptotic normality of M-estimators in time series are
chiefly derived from both Hodges and Lehmann (1963)’s and Niemiro (1992)’s conditions.
The former ones are given by Hodges and Lehmann and rearranged in Inagaki and Kondo
(1980). The conditions are not directly assumed on the objective function but on the score
function. The convergence in probability of the difference between the score function with
true parameter and its y/n-neighborhood is difficult to show, and we employ the latter one
for proof. Although Niemiro (1992) is oriented to show that M-estimators have Bahadur-
type representation, they gave a very nice structure of proof for asymptotic normality of
the estimators with convex objective functions. When the objective function is convex,
there exists a subgradient function of the objective funtion. The subgradient function can
be regarded as the score function. The asymptotic normality of M-estimators is derived
from the properties of the subgradient function. The main difficulty in time series case
is that only Lo integrability of the score function is not enough. To show the asymptotic
normality, we have further to guarantee that the covariance between the components of
the score function is also summable, like in Billingsley (1968). Under the conditions, we
obtained the desirable results without the differentiability around the true parameter. We
also derived the asymptotic variance of the estimators assuming the differentiability of the
estimators. Our results agree with the existing results, which were given in the talk as
examples. The extension of the results to M, estimators was also mentioned in the talk,
which can be shown by the properties of U-statistics given in Yoshihara (1976) or Denker
and Keller (1983). The idea was generalized from Hoeffding (1948) and Hoeffding (1961).
The contribution of the work is that we generalized the approach of M-estimation to
estimate the scale parameter and the coefficient parameters simultaneously and defined the
objective function convex, so that the objective function do not have to be differentiable
around the true parameters. We also gave the conditions for asymptotic normality of the
estimators, which in turn can be generalized to the approach in the frequency domain.
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Statistical Inference Associated with the Fractional Brownian Motion
and Related Processes
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1. Introduction

In the field of biology theories of aging are roughly divided into two major groups. One is consisting of damage
theories and the other is consisting of program theories. According to damage theories we age because our
systems break down over time. Meanwhile, in the program theories, it is considered that we age because there is
an inbuilt mechanism that tells us to die. If the damage theories are true, we can survive any longer by avoiding
damaging our organism. If the program theories are true, on the other hand, we cannot survive longer than the
upper limit of longevity with any effort.

Considering the above our aim in this study is to see if the damage theories are true, which means that
there exist a upper limit of human longevity, or the programing theories are true, which means that there does not
exist such a limit, by applying the extreme value theory to an analysis of data for Japanese oldest old survivors
obtained using the method of extinct cohort (Wilmoth, Andreev, Jdanov, and Glei, 2007).

2. Generalized Pareto model
Let X,,X,,--, X, be a sequence of independent lifetime of individuals with common distribution function

F and Denote an arbitrary term in the X, sequence by X . Then, according to the extreme value theory, if it

can be considered that ©# >100 is a large enough constant, the distribution function of X —u conditional on

X >u is approximately the generalized Pareto distribution, which is written as

1-(I+yy/a)™"" y#0
F(y;y,a)= (+ryia) 4 )
l1-exp(—y/a) y=0.

An important property of this distribution is that the upper limit of distribution varies depending
on parameter values. That is, if » <O then the upper limit of the distribution is finite, that is
0<Y<-a/y=w, and if ¥ >0, then the upper limit of the distribution is infinite, that is, 0 <Y <o0.
Considering those properties, this study is laid out as follows (1) to test the hypothesis =0, (2) to estimate the
upper limit of life for each cohort.

Let Mii indicate the numbers of survivors who are 100+ years old (i =1,2,---,1) in the year
1976+ (j=1,2,---,26), where I is supposed to be sufficiently large so that M, =0 forall j,and the

numbers of deaths in a year are obtained as difference of M ;o thatis, m; = M i M Now assume that

i+1,j+1°
individuals die in the year 1976+ at the age of 100+i with probabilities given by
p;=F(@+ly;,a,)-F(@,y;,a;,) . Then the contribution of m, to the likelihood is (M i / mlj)

q;” (1-¢ )™, where g, =p,/(1=F(i,y,,a;)), hence the likelihood is proportional to

1,J Ml..
i=1, j=1\Mj

J]qij”(l—q,j) o )

y
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Thus models assumed on p;; thus fall into the class of binomial regression models, and the parameters in the

generalized Prato distribution are estimated by maximizing the likelihood function (2).

3. Numbers of survivors obtained using the method of extinct cohort

The numbers of deaths by year when they were born are indicated in Vital Statistics in Japan. So, the population
size for a cohort at a certain age is estimated by summing all future deaths for the cohort with the method of
extinct cohort, which is one whose members are assumed to have all died by the end of the observation period.

The method of extinct cohort is explained as follows. Let D;U) indicate the number of deaths who are
at the age of i in the year j and were born in the year j—i—1 and Dl-j(-L) indicate the number of deaths
who are at the age of i in the year j and were born in the year j—1i. Then, assuming that there is no
migration or error, the number of survivors who have reached the age of i,say S, is

D(L) Z (D(U) + D% ) 3)

i+k,j+k i+k+1, j+k

4. Result
Table 1 indicates the ML estimates of the parameter » and @ obtained by applying the method of extinct

cohort to the data for male and female deaths. As shown in the table, the estimates of » are negative for all male
cohorts with sufficiently small p-values except the cohort 1968 for male and the cohorts 1944, 1954 and 1959 for
female. Besides, the upper limit of life, that is @, is estimated between 115 and 262, while those are estimated

between 117 and 165 for females with sufficiently small p-values.

Table 1. Estimates for male (left) and female (right)

Year Gamma P-value mega P-value Year Gamma P-value mega P-value
(one side) (one side) (one side) (one side)

T1948 016 0.08 117.06 000 1944 0.8 0.85

"1953 013 0.13 115.77 000 1949  -0.07 0.16 128.71 0.00

" o1958 0.2 0.01 108.41 000 1954  0.07 0.88

T 1963 012 0.88 " 1959 0.03 0.70

" 1968 -0.08 0.09 127.38 000 1964  -0.09 0.01 121.78 0.00

1973 -0.01 0.43 262.00 000 1969  -0.12 0.00 117.83 0.00

" 1978 -0.07 0.04 129.43 000 1974  -0.03 0.11 165.00 0.00

" 1983  -0.09 0.00 123.44 000 1979  -0.05 0.00 143.40 0.00

"o1988  -0.13 0.00 116.62 000 1984  -0.12 0.00 120.00 0.00

" 1993 -0.10 0.00 122.40 000 1989  -0.12 0.00 120.83 0.00
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filild 1.1 (Pitman (1996), Yamato and Sibuya (2000))

/ . n\" [r] [r]
= () = (D) i - () e

ZD pl . FEREEDS

H+1) o
F((zi’rl))mga(x) O0<a<l, >—a) (%)

THAZOND5HMD r ROWEETH S, ZI T, gq lE787 XA —% a D Mittag-Leffler distribution
(ML(a)) DEERBTH %, BEBE g, (0 < a < 1) 3Rz T -E2BHTH %,

> _ Tp+1)
/0 mga(x)dac—m (Vp>-1)

(Pitman (1996) p.5 and Pitman (2002), p.20-21).

LRI (%) ZFFO 91 % Pitman-Mittag-Leffler distribution & 59 iz L, PML(A,a) T#
¥, PML(0,0) = ML(e) Th 3, HEREHEZ S o&T L. #il 11 poR0E N3,

flif 1.2 (Pitman (1996), Pitman (2002))

Ky
—iPML(G,oz) as n — oo
na

554 PML(0,0) %. fe>TAERICE ML(a) %, £ D550 BOcET 2 L o5ADED H
BCH 2, UTICRTRIC, 55 A — 5 2 Bl 28 o AUZ £ T Fasik s,
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x z2
Fy1/2(w) = Hap11 <2>, fo.1/2(x) = xhag 1 <2>, x> 0.
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Ny b VRS E] EPSF (n;0,0) THEZ L 2Hiite 35, TOXEEMIHBETH DK
K= 33021 55,(S; & (¢ =j) &85 C; D) O pm.f, P{K, =k} =: f(k) 2379w S
A C G RRE 1

fua)) =" gy D ), i< k<, )
k) = =gy Snal0] = V(O] ), 1<k < @)

72720 Spk = Spk(—1,—a,0) T Sy i(a,b,c) F—fRAX =V I7HTHD. ZDONH%E EPSF-K
(n;0,a) TKRY. TN o EPSF (0, ) DERMSTE 54

. - B B 1 Tl ((I-al=-1)-1\¥
w@mxy_ms_ﬂwenmn_s (1—a®IIJ(ﬂ . (3)
WEED. THND OIS RN LITHE. ¥y b VRSB Z AR U RSB AE X Y TR
HRHE O, EOLKMEIC & 0 R 515 DT REIOHEMINESEAZE X v T AR
G E—fRIZ DWW TR D 32D,

BOW K, OF@EfE  f,(k) Z=EAEH {(nk); 1<k<n<oo} OLEOTIITER H5
WS EEZ oD, TOHERE LT, MM Sy b UERSE] (3) o 1EOfEKE Z
VEDIEHETIRATHRLZEE2EZ25. K, o K,_1 ~DOHEBIHERIX

P{K,—1=r—1|K, =} =Sp—1,s-1/Sux
P{K, 1 =k|K, =k} =WV —1—ka)Sy—1,x/Svrx =1 —Sp—1k-1/Svx-
ZDOEHIZEWTEEE n 2B 2O K, D5 (PR MITEKEST 2) 2 —&IZ g,(k) =
P{K, =k} TET. LOWBHEED»S g, (k) IFROBBHERZH727.
Sh k
Snp1,k41
ZDORIZED S|(S € Poy) 6 DHERIEARD pm.f, gn(k), 1 <k <n PWiREE5. FLJIX

e gr(n) = gr(n; v, k) & ge(viv, k,a) =1 ﬁ‘bs’ﬂ%‘bf g (Liv,k, o) =1 1255, SFEA7034
W olv, k] := {(n,k);max(1,n — v+ k) < k < min(k,n)} O LT (4) {729 H, HHTIE

gn(k) = (n — ka) SS k
n+1,k

nt1(k) + gnt1(k+1), 1<k<n. (4)

ge(n;v,k, o) =0,k >min(k,n), & Sp1/Snt+11=1/(n— ).
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ZOWERT, KEIX n OY 7YV TV OO MBI RATEE 5:
min(k,v—n)

1 _
B(Kq|S € Puw) = g y SwmwﬂfaFDb4<@>—<yyv>,1<n<u(®
wE =1

(4) &0 =ZMES ED (v,k) D25 (1, \) € Ofv, k] IZE] 5 FEMAVREE D, TOHO EFFADN
EEDNTORBIIER L 72 5.

A FORPICEDE, ROFMEZEZ L. B - H#HET—X t € Pk, % SI(S € Puy)
MO DHERIEREFTIRL, t 226 k ZHET S, o Tt ITXBPEYRMEEMEHANDL L L, v I
v=ng+1l,ng+2,... LENTILETEEN, ERICEETS. (no, ko) € olv, k] DM ST
BB ko <k <ko+v—no IZBRONS. GROBEARZEE P SHRDINT X — X2 OH#EE &
EEDD -

Fi8

R = argmax gn, (ko; v, \)

EPHEETDE £k DIFFDBEBTHS.
SOIZEOMEEZFTRD Z L2450, a O MLE #EEWHEY TR LW LA RETH 5.

it FA 51 Osa Peninsula, Costa Rica, M 2 #2513 2 HHREREDRD & 5 eiE R AR
NTW5. (Colwell, et al. 2012).  (a) (n,k) = (976,140) , (b) (n,k) = (237,112) ,
RKERT—X (a) 5 23T fHAZHH L 72 EDOFEDOBDE—FIL 69 TH 5.

INE 2T =& (b) 25 n =976 D g,(k) % FHIT 5 & RILHEMIZ 234 TH 5.

(b) DADPFEOEMNENIZEETH 5.

S 3R
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Semiparametric Efficiency for the
Quantile-Regression-Based L-Estimation

Takayuki Shiohama (Tokyo Univerisity of Science)
Hiroyuki Taniai (Waseda Univerisity)

Abstract

We study a semiparametrically efficient estimation for a quantile-regression-
based L-estiamtors. The L-estimators are based on linear combinations of the linear
quantile regression estimator, introduced by Koenker and Bassett (1978), and our
proposed L-estimators are based on the one-step estimator of the type discussed by
Hallin and Werker (2003) and Hallin et al. (2008). In constructing the estimator,
we use the residual signs and ranks based optimal score function with a general
reference density. The asymptotic properties of the proposed estimators are dis-
cussed. Their finite sample properties are illustrated through a set of Monte Carlo
simulations and an empirical applications.

1. Introduction

Quantile regression introduced by Koenker and Bassett (1978) is similar to the standard
linear regression, expect that we replace conditional expectations E(Y|X) by a condi-
tional quantile F;|1X(T). Quantile regression provides us a more complete summary of the
conditional distribution. A throughout review of QR can be found in Koenker (2005).

Linear combinations of order statistics, called L-estimators, have long been of inter-
est as estimates for the classical location model for robust alternatives. The problem of
constructing asymptotically efficient estimators of a finite dimensional Euclidian param-
eter 6 in a semi-parametric model with an infinite dimensional nuisance parameter F' has
attracted considerable attention throughout last two decades.

2. Quantile-Regression-based L-Estimation

Let Fy|x(y) and F;|1X(T) = inf{y : Fy|x(y) > 7} denote the conditional distribution

function and the 7-quantile of Y given X, respectively. The model of our concern is

represented as observations {y,; }{-, from statistical experiments ()", B()"), Py) satisfying
Yi=X,'B(r) +e(r), F7 (1) = 0,

£

with some covariate vector X; = [1, Xay, ..., Xg4]", for t = 1,...,n, and an unknown
regression parameter to be estimated 3 € RY. Equivalently, we have by taking the -
quantile on the both hand side of (2.1), conditionally onX;, we obtain the value of 3 in
the relation F;|1X(7') = X, B(7). This is known as basic conditional quantile regression
model.

In this paper, we consider the asymptotic properties of L-estimation of the linear
models via quantile regression and its one-step estomator. Our discussion focuses on the
semiparametrically efficient estimation which is based on the quantile regression process
BY9E(.) dedined, following Koenker and Bassett (1978), as

n

@LQR) (1) = argmianT(Yi -X/'B), TeT,
beRd t=1
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where p,(u) = u(r — I(u < 0)) is called check function.
Let J:(0,1) — R be the weight function. For the parameter of interest is

6y 0, (Py) /0 X B = X ( /0 1 7(r)B()dr ).

and its QR based estimator is, for 7; = —5,1=1,...,n,

650 %:(Buy) = = 3" T () X BO(r)

The procedure that we will apply here to achieve semiparametric efficiency is based on
the invariance principle, as introduced by Hallin and Werker (2003). By following Hallin
and Werker (2003), a semiparametrically efficient procedure can be obtained by projecting

ASZ); ; on some o-field to which the generating group for {Pé:?f| f € F*} becomes mazximal
wnwvariant. For the quantile-restricted regression model, such a o-field is studied by Hallin
et al. (2008) and found to be generated by signs and ranks of the residuals.

Here, let us denote the sign of a residual as Sy, ;, the rank of a residual as R,(:ji, and
the o-field generated by them as

By = 0(Sp1s- s Soumi By 1o RYV).

» " b,

A “good” inference should be based on
(M) A ] _ L X ) -1 (n)
AG = EgIATHBY = =5 > Eles (P (Us)|B51 X
=1

where Ug; := F(&3,;) = F(V; — 87 X;) is the i.i.d. uniform on [0,1] under Pg ;.

Then we propose a one-step estimator for the quantile regression coefficient processes
and discuss its semiparametric inference. From Theorem18.6 of Kosorok (2008), we need
to show that the composite function ¢ is Hadamard differentiable, which yields our pro-
posed one-step L-estimators are semiparametrically efficient.
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On a tangent space for the coefficient functions

of Quantile Regression.

“E M7 (Hiroyuki TANTAIL FAGHRE:)

YR Y YL TREREEOFERL  2013.11/27-29, SIRREY T 74+ - 794

ARAEROME: — D MEIFE TIVAHE ) HERLBUL, —MRIERERZ 5 E T 57 V¥ LR
# (random coefficient) HZ >, AFKETIE., 2z DRSO E TV (mixture model)
EARBT LI > THERRIC NN T X =8 Th HRBEIBOHEZEM %2 E 2 2ilAl, o, &
52 Z DFERE ORI G mHEE B ORBIC O W ThiEm L7z, UTBZ20oMETH S :

We observe X; = (Y3, Z;), 1 <t < n whereY; is a random variable and Z; is a d-dimensional
random vector, satisfying Fy, ' (7|Z; = z;) = 2] B(7), for all 7 € (0,1). Here, we denote the
conditional quantile by Fy ' (7]S) := inf{y : PY{Y < y|S} > 7} with some set S given. This is
the QR model (cf. Koenker (2005) and/or Koenker and Xiao (2006)) so has an interpretation
as the following Random Coefficient Regression model:

Y, = 2z B(U), U < Uniform[0,1], (1)

where B(-) : (0,1) — R? is the vector of non-decreasing functions. In particular, if we assume
the 1st entry of Z; is 1 and set B(u) = (61 + b(u),0s,...,04)", then B(u) is studied by the
location model with restriction to the innovation’s u-quantile to be 0. But the same 3(u) can be
studied in a scale model with u-quantile being 1, by setting B(u) = (f1c(u), ..., 04c(u)) . So,
in order to have the efficiency gain, different perspective yields different regularity conditions.

In this talk, we focus on the modelling (1), where Y is generated by deterministic function 3,
uniform r.v. U, and “random nuisance parameter” Z (cf. Pfanzagl (1982)). The distribution
of X is now be seen from

Psr(Ax B) = / PY(A;B|2)T(dz), ACR, BCR?
B

where I' := PZ plays a role of mixing distribution. The crucial difference is that the parameter
of our interest, 3(-), is infinite-dimensional.
To determine the tangent spaces for 8 and for I', we define the subfamilies

Pr:={Par: 0B c M, Qg :={Psr:T e},

with M being the set of non-decreasing functions on (0, 1) and ¢ being the set of distributions
which Z might have. A tangent cone for 3(-) (at P) is denoted by Tp(Pr), which is the set
of (score) functions g satisfying P[¢?] < oo and

i)

i 1+ (g +rs), P[r?] = o(8?)
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for the path Ps — P (in Pr) as § — 0. Now, denote the true value of parameters (Bo(-), o)
and think of a contamination 3(-,d) such that Bs(u) := B(u,d) — Bo(u) as 6 — 0. For given
u € (0,1), this B(u,d) may differ at 6 # 0 from one parametrization to another. Also, as
for the partial derivative 953(u’,d’) = %ﬁ(u, 0)|(u,6)=(u’,5), We may think of the function
95B(-,0) as 671 (Bs — Bo)(-) + 0(8°) so that each 958;(-,0) € Lo(Ps,r,) if Bs is such that
V/n-consistent. In fact, each 953;(-,0) can be assumed square-integrable under PY (-; By|2) as
well.

Proposition 1 The tangent space for 3(-) is found to be
TPﬁo,r(mF) = {Arh : h; € Ly(PY (- Bol2)), i =1,...,d}, where

ZT u
(e ) =~ (Z )| L (B = o)

On the other hand, those for I will be Tr, . (Qp) = {(y, 2) = k(2) : k€ Tr,(9)}.

This Ar : Lo(PY (+; 80]2))¢ — La(Pg, ) is the score operator for 3(-). So the score operator
for the full model seems to be A(a,b) = Ara+b' Vk(z), for (a,b) € H := Ly(PY (+; Bo|2))¢ x
R?. Then its adjoint A* : Ly(Pg, r,) — H can be formally given by

wg‘; (27 Bh(wo) - f(@))| /dPY (53 Bolz). Pao.ro[Vh(2)f(@)])

with ug = (2" Bp) " (y). Using these operators, the efficient influence function for each f3;(u),
i = 1,...,d, can be obtained as A(A*A)"!x;.(y) as in eq.(25.30) of van der Vaart (1998).

In our case, X;.(y) = (U[0sB(u,0)258(u,0)" /=" By(w)]~ T[98, (u, 0)98(u,0)), 04). More
specifically, we have the following result:

A f= (Pﬁo,ro {

Proposition 2 The efficient function for each B;(u) is found to be 1; = Ark;. where k;.(u) =
(ki1 (u), ... kia(u))T is the solution of the following ODE
- SO (O~ T )
Y 2T By (u) 2T Bp(u)
958 (u,0)9sB8(u,0)" 1~
_ T / ) g
= BT ()80(1)2s; (. OF | =222

with conditions k;;(0) = k;;(1) = 0.

j

958, (u,0)

As for the construction of the estimator which realizes this efficient influence function, we
made some conjectures and left it as a future work.
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IJEFAHT T EAREIRICE TR 22t 0HENBRETILICOWVNT

SRR AL T AERiEE !
R R T AR

1. ZLC®IC

1L FIDNERFDH 2R U575 R x RIEAFEIRIZEWT, (4,7) BIVHER
Zp; &35 (i=1,...,R; j=1,...,R). NFET I (Bowker, 1948) IZIRD & 51T
ERIND:
pij =P (i <)
ZOETIVIEENVHERONIIEEZ RLUTWD. BN /8T A — ZHWFRE TV
(Agresti, 1983) IFIXD L S IZEHZI N 5!

Dij = ej_ipji (i < 7).

Z DE T IVE TR 72 2 VHER D S 6 AR D & OFERE § — i I2HKAF L THREmIC
BT HLEWIERZRLTVS. FIZO=12BVWEZIDETNVIIHIRET VT
b5,

QEBERAMITHOMRERU LV EFEZXDL, 1272LU EWU) = wy, E(V) = o,
Var(U) = Var(V) = o2, Corr(U,V) = p. ZD & EHEAMEREEEREL f(u,v) 1%, IXD
BfRZ AT-d:

7272,

U723 o T, AT — X H3idifse & C R0 #AE U WIBHER 72 2 2 8 IEMI D A6 12 e
5 LHEEINBILEITENT, W O0OYIW Mz CTIEAH A HIRT — X 2 REAk
THEE MERNMANTA—ZAMETNVIEEIKHEAET HLEZ NS, Gz DOV
TId Yamamoto et al. (2007) & ZF 2SI N7\,

A TIRNEfF 77 T G DEIROENTIZE T, ED & U THEET D
FLVW2EB tOMAESINOLEIZHY THDLEXONDET NV EREL -

YT 278-8510 T-HEURES T i (LT 2641
e-mail: iki@is.noda.tus.ac.jp
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2. 2EEt DHERIFET IV

HHE m D228 t pMITRKSWERERU LV 2FAX5, 1ZUEU) = i,
E(V) = uy, Var(U) = Var(V) = mo?/(m — 2) (m > 2), Corr(U,V) = p. TD& &
i R EE B B (u, v) 1

2

1 cz<u,v))m2+
hlu,v) = 2wo24\/1 — p? (1+ m ’

7272,

1

Qlu,v) = m[(u —u)? = 2p(u — ) (v — piz) + (v — o)’

72 h(u,v) XIRDERE A7

<h(u,v)>’ni2 - (h(v,u))m2+2 =an(v—u) (u<w),
7272 U,

_2
Ay = M(ZWUQ, /1 — p2> e

mo?(1 — p)

RXRIEfF 77 IV ESDERICN U TIROETIVEREL. BELZm (m > 2)
IZx LT, ) )
Py =0 = B — 1) (1< ),

72720 B ERFN T A=K 5. ZOETIVIET — X H5EGE TRIL D EDE L
WEER R HHEEm Dt 26> tfEI D L & IHEAT I EHERALND.
ZOETNVE t DA ETIVERRZ 2125 (TS(m) IZ&->TiEd) . Kz
B =0BVIZIDETIVIHIFET L THS. ZOETNiLpy; ® —2/(m+2) F
& pji D —2/(m+ 2) TDENEXAERD? S OFEME j — i BT EHIEZRLTY

5.

S Bk
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Bz AT TY EADEIRICE T DHIMEDETIL & DR
BELOHAURICED ST EICET IRE

FRCBIRER AR AR - PR AAWERE B SR
RERER ARG - BLAAIFERE [ s

RBCRA: - PR A 5]
FRTBERERA: « BT 22 EiE HY

F1E Sum-symmetry E7I/ILDRE & FDHHE
FiTld, ET VR 2O E L, £7, ik aiiiiiEz A2 5E 7L E LT
RDETNEREL T

Z pij = Z pjii 3<x<2r—1),

(i,5)€R(x) (i,5)€R(x)

(Y
(Y
31

R(z) ={(i,j) [ 14+j =z <j},
TH5b. I TEIDETIVE Sum-symmetry(SS) €TV EFES. KICTEIDET
NWEEANL T
Z pij = A Z pi 3<z<2r—1).
(i.)€R(z) (i,j)€R(x)
ZDETNZEMZ Sum-symmetry(CSS) ETIWVEMS. 7, A=1LB0Ek
CSSETIMIESSETNTHS. DL ERDFREM 2G5

EHE1: SSETADILD LD 70 DREI35ME, CSSET N E GSETND
MR IDZETHS.

r X TIEﬁ%%U%C:}SU’VC7 (l,]) 'IZJUEEIEUE"E&% Nij & L, mg; %iﬂ‘ﬁﬁ@‘%%/lx,ﬁﬂﬁ
BERET S, {ny} BEENHE) LRET S, CDOLEE, TN M OHEEESR
MET 2 7ODLEH A A4 kit &ix

G2(M) = 2 log 24
(1) ZZ”“’g(mij
=1 j=1
THZOND. i FET VM DT TDmy; DIRAMEHTHE. ZOLE RD
Lk

T 2. MUEHEIRE G*(S9) 1, BUEHEIE G*(CSS) & G*HGS) DHICFZET
b5,
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28 EARERICETIBHELREBVWCHMEICET2RE

1. [FU®IC
TELIXINCNTE2AYy PARA Y bsBLUSt(1Ss<t<r—1)ZHWT, AT
Y 2HE L Trxr 2#lEEZ 3x37ERICT 2. 2F< (7)) (= (r—1)(r—2)/2)
BMOWE LT DEIRZERT LI EDTE, Z2NFNDOHE L 0#EIEEZ T, £ T
5. ZOLE, T, i f%@ﬁ%w%f%Gﬁ(pﬂgﬁdszakﬁé
WNIRET IV L &, ZOREDOREZMS 2 EICBEHLEH D, 552
ECIEORE L 728z O 6 D72 D 2l 2 REEZ 25 L 72,

2. BRI ZRE

{pij +p;u 20} 2IRET . Z2IT6 St_zzcsﬂ (1<s<t<r—1)&LT,

GeY end
Gt = JH gt o T (1=1,2,3;7=1,2,3)
i ) ij (s,t) (s,t) ) sy 3“5 9)

ET5. ZDOLE, NFRET LD N ZHERELZRD L I ITREL
= SN (> -1,
1<s<t<r 1
7277 L

W= PE S e va) i (e e {51 )

1<j

() 1 (s,t) G ' (s,t) G '
L) = (s, bl (s, bl LR B
L) AA+1) s ( 1/2 ) Lo +G ( 1/2 > !

A=0DLZIFN— 0DMBRTERL 7-.

& /\R‘F? W (1<s<t<r— 1) 13 Ty RITB T 20D 5 DOl h 232 R
ETh 5. IZ] ()14, {G Egs’t)} & {1/2,1/2} DD power-divergence
f%b,%; —0@&%inhﬂdﬂMm%ﬁﬁf%é.%%REMHT@%
Hzbo.

e 0<TW <1
o VWM =0 < HWFRE TV D

o TN — 1 & WRET DS DIEL Y R KNTH 5
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EAAERICH T 2 BREEEA B
IETFIED E T IL DR

RREMAFZAF BT2HER RERE

KIRKRZE  E2E LI < =
RRERAZE BEITEY BERS

1. XL®IC

T ERNELD AT TV IZEFDH 5 UaHE» 672 5 ES 7 EIERT — X DFENTIZ
BWTIE, DHEOHBEREEMEDN RN 2D, M E2EZ S I EIZEERP LW 2%
V. Z D7D OB D o TIFMEICET 2 ET ARHVWL NS, IRREIC
g 5ET)LE LT, IETIN (Bowker, 1948), FUF%EE TV (Stuart, 1955), &
A RFRE 7V (McCullagh, 1978) , XfA/3F A —XHFRE TV (Goodman, 1979), #&
JER 85 A — ZHFRE TV (Agresti, 1983) , 2L/NF A —ZWFRE TV (Tomizawa,
1987), #EARAUASEE )V (Tomizawa, 1993) EhH 5. F7z, BEHERICE O ET
e LT, BENMNRTA—=ZHAFETIV (Tomizawa, 1993) , REMRERH/NT X —
ZXFRE TV (Miyamoto, Ohtsuka and Tomizawa, 2004) , 2FH 2 b8 T A — XX FE
€7 )V (Tomizawa, Miyamoto, Yamamoto and Sugiyama, 2007) , RFEMENFRE T IV
(Miyamoto et al., 2004) , RFEHLEMENFIE TV (Tomizawa et al., 2007) FWH 5. K
W T, BEMRICEDCHARET VEREL, FHAHERLBRIGONEZ L
ZBMAGIE IR U, E2, BRI MAT A —ZJAMET IV, BR2HAT X —
ZRFFET VDY TIZE D DBENGEIT, L OFMICHENT272OICAEHTHLIET IV
DofREM % 5. 2 7=.

2. ETILIRE

IEfi Rx RAEIRIZBWT, (i,)) BVfERZ p,; 95 (i=1,...,R;j=1,...,R) .
SR (Gt i #£ ), BROEDITERT D.

Gijzzzpst (Z<.]>7 Gijzzzpst (Z>.]>

s=1 t=j s=i t=1
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B2 TA—RELARNF-1 ETNEZRD LS IZTEREL - -

R
Gf=A, ) QG (i=1,...,R-1),
k=i+1

772U,

R
Gf= > Ga,

k=i+1
Thb. Tz, BE2NTA—XEANR2ETILEZRDO LD IZEALE :

i—1

Gy =0 NGy (i=2,...\R),
k=1

=7z L,
i—1
Gy =) G,
k=1

ThHd. FFIZA =1 (Ay=1) D& E, BE1/3TA=XEURFR-1 €TV (BFE 1N
T A= RJEARNFR-2 ETI) THD.

3. ENFEETILDOSE

IRDESIZEBE2HNT X —=ZNMETNVDONRE 5 Z 7=,

EIE1 t=1212680T, BE2ENATA—=ZHMETIVBERDLD/ZDDBE L5
SAENE, BIEHLRMENFRE TV, BRE2 7 X=X EANH-t ET NV E Dt ETILDT
RNTHEDNLDZ & TH 5.

X517, B L BEREGENANT A—=ZXAMETIVONHEE 5 2 7-.

7, BRE2HASA—XWNMETLVOMDO L U TCIROEH % 57-.
2 HE2HANT A =KW ET IV D/-DDBRE 51, REILEE
SR E TN EHEEEARISEE T VDR IDZ 2 TH DB,

X510, B2 L0 BREMIENAINT A — ZWFRE T IVO SR L NHRE T ILOHDEE
5 Z7-.
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EHEIRITEBIT 5
LR /Ny o Ra X v 7 XPRE T L & SRR D S5 iR
SR M CHORERRL RS RN - BT ARAER
EAE HHG (RECERAL A - BT
B B (RRERNAE - BT

1. IRETHETIL

A T, MCCullagh Bl IZE > THEASNIZNNY v Fr Xy 75tk (PS) 7 /v
DILFRZ G- 2 T2, ATEB X, EHVER X, R U672 5 r X r BT EIREZ 2D,
(z,j)“IZ/V@EE{EWE‘O);T@E%#%])U (i=1,....m;5=1,...,r) LB, ZOLZE, X
(S) ETMFIKD LD ITERSND (Bowker [2]; Bishop, Fienberg and Holland [1]) :

p132¢ij (i:17...,r;j:1,...,T), 7LC7LCL/ 77/}1]:77/1]1
BPHEWREZRO L HICEAT D
Gy=Y.Y pu=PXi <i, X, >j) (i<j),
s=1 t=j

Gji = Zzpst =P(X: >7,Xo <) (1<)

s=j t=1

ZDEE, SETMIRODIDICHERT ZLNTED !
Giy=Ty (#7), pu=Tu 12120 Uy =Ty

m b— AL XY v Fa 2y 7 &R (PS(m)) E7 VERD L 9 IZH2% L7 (Saigusa,
Tahata and Tomizawa, [4]) : FEL7em (m=1,...,r — 1)IZx LT,

{Agm)&‘l’zj (1 <J),
i1

Wi; (i > j),

Gij = pi =Yy, 122U Uy =Ty,

(i
(i
o

m—1
K
— 1
-1
k=0

PS(1) €7, PS(r— 1) ETMIENENPSET L, — (LY o Fr Xy 7 &
(GPS) €7 /v (McCullagh [3]) TH 5.

2. XMETILDE

I BT, ARFH T, PS(m)ETAVEHWESET VOISR E 5 2 7.
ITERENEBDOIR S EDY O EIRE—A Y b—F (MO(k)) #&EITRDO L H 12k S
n5:EELEE (> DICRLT,

E(XT) = B(X3).
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FRlZk=10& %, ME (‘F¥—%) 77
BRI 5 (CSS) B7 /WIIRD K 9 IZEFKE D (Tomizawa, Miyamoto and Ouchi
[5]) :

Giive=Gipas (i=1,...,7=2).

TAEE D D IKE— AL b—F (MAQD) BEEIEKO £ 5 IcE S : FE L]
(> 2) IRt LT,

,u,le = ,ulXQ, 7272 L MlXt = B((X; - E(Xy)) (t=1,2).

Blol— 20k %, VE (k—5) L. £, EE—5 (SE) MEEKo k51
5
A

(12 )¥? ()3
R (KE) BEHRD £ 512725 -

X, X
Moy R

(12")? (ua2)*
ZDLE, WOEBEHEBIOREET.

FE1 BEELEZm (m=1,...,r — DIZK LT, SET VN LD DD TA-
SEMIE, PS(m)ET AV, MOKK)ET AV (k=1,...,m)BLRCSSET LDFTTH
RONDZ ETHD.

1. (i), (i), (ii)IXFEMETHD.

(i)  SET DY L.

(i) BEELZm (m=2,....,r—=1)IZKLT, PS(m)ET/V, MEET /L, MA(])
EFTNV(1=2,...,m)BLOCSSET /LDTXTHRHELY LD

(ii) r>5mD&&, PSA)ET /N, MEET/V, VEET/V, SEE7T /L, KEET /L
BROCSSET LOFTRTHALY L.

& Xk
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