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1 Introduction

Mouse ultrasonic vocalizations (USVs) are studied in various fields of science ([3], [4]). However,
background noise and varied USV patterns in observed signals make complete automatic analysis
difficult. We propose a series methods to cluster nonharmonic mouse USV data automatically.
The procedure includes noise reduction, detecting USV calls, transforming USV calls as functions
and functional clustering ([1], [2]). The proposed methods are shown useful with two data sets
taken from laboratory mice.

2 Mouse ultrasonic vocalization data

Our USV data are taken from male mice who emit towards a female mouse. Two strains,
BALB/cAnN and C57BL/6, are used in the experiments. For the dataset taken from a mouse
of BALB/cAnN, the raw USV voice data are transformed by FFT into a sequence of USV frames.
Each frame of 0.85 msec duration is observed. Each USV frame overlaps 50% with the next frame,
and each frame is represented by 256 samples at a 300kHz sampling rate. That is, the measurable
highest frequency (the Nyquist frequency) is 150kHz which is half the sample frequency, and the
time between adjacent frames is 0.425 msec. For each frame, 126 squared amplitudes (or power)
are computed for the sampled frequencies. Thus, from the BALB/cAnN mouse, the data collected
from about 100 seconds consists the squared amplitudes as a 233393 x 126 matrix.

The second dataset is taken from a male C57BL/6 mouse. It contains about 188 seconds USV
data. After the FFT described above, it became a squared amplitude matrix with size 443086 x 126.
Compared with those of BALB/cAnN, most USV calls of the C57BL/6 mouse are discontinuous.

3 Noise reduction

There are three steps in the noise reduction process: moving average, determine the minimum
USV intensity and separate the USV signals from the matrix.

We denote the matrix by X = {x;;}, ¢ = 1,...,T stands for time, j = 1,..., F indicates frequency.
First we use a small matrix to do moving average on the original matrix data. The size of the
small matrix can be chosen empirically. Moving average is useful to distinguish noise and voice
signal. It can also reduce the perturbation in the signals.

The second step is to determine a minimum intensity (e.g., 200 ) and set all elements less than
the intensity to 0. This minimum intensity should be chosen by considering the noise level. This
step etches the shapes of the USV signals. We then find the location in the frequency range where
the signal takes its maximum intensity for each frame. If more than one locations are found for one
frame, the median should be used. Generally, frequency of USV is higher than 20KHz, the location
should be chosen at larger than 20KHz. In this paper, we only consider the shape of the USVs in
time, but not the intensity which measures USV volume. Now, we have a sequence contains the
frequencies of the USVs in time. That is, the large matrix becomes a two-dimensional data, one
dimension is for time, the other one is for frequency.

We can then separate the USV calls from the sequence, after determine the length of interval
between adjacent USVs and the range of the USV length.



4 Function approximation and functional clustering

After reducing the noise, we are now ready to define the USV calls as functions. Many methods
are available for estimating the USV functions. Considering that some of the USV calls are not
continuous, they may contain several breakpoints, we prefer the B-spline basis function method
for its easiness in constructing functions with breakpoints.

For n pairs of (¢, f;), i=1,---,n, contained in one USV call. Assume that
fi :00+29jﬁj(ti)+ai (1)
j=1

or in a matrix form
f=B0+¢, (2)

where t = (t1,---,tn), f = (f1, -+, fn) stand for time and frequency, respectively. B =
(1,51(t), -, Bm(t)) is the B-spline basis functions with order d. Using the least square method,
for each USV call, we obtain a coefficient vector

6=(B'B)"'B'f (3)
and the regression function
f = Bo. (4)

For discontinuous USV calls, we specify a constant x as threshold. If |f; — fi_1| > &, then
the curve is discrete at time i, and ¢ is called a breakpoint. To make a jump at a breakpoint, we
overlap d + 1 knots at the breakpoint. Hence, for each curve, we obtain a coefficient vector with
m = d + number of interior knots.

Because curves with same number of breakpoints have the same length of coefficient vectors,
clustering can be performed by first grouping the curves with same number of breakpoints into
the first level clusters. Then the shape of the curves in each first level cluster are classified by
clustering their coefficient vectors ([1]). In the step of functional clustering, we use Ward’s method
and K-means method.

5 Data analysis

After noise reduction, we obtained 390 USV calls form the data of the BALB/cAnN mouse. Among
them, 378 curves are continuous, and are clustered into 5 groups. The rest 12 curves with one

breakpoint are gathered into one cluster. These methods also work well for the data taken from
the C57BL/6 mouse.
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BERBREBETIVCESSEEDR - BEDROETE

FH 5E 1E [
taguri@yokohama-cu.ac.jp
BRI T SR 2N B R AR R R R 7+ R

T 236-0004 HE7= T 4R X A& 3-9

FEEMFED 1 DD HBIE, BRO B L WREE O BRI T AN 5 KRR &
ETHIETHD. BT LEIFNORMIZKRRERIRR SN HE, E0Xo7%
ATN=ZALTHRN S D DN ONTOHRESED Z IO BN 55
ANHDH. ZOMBIZH L TO 1 >OT7 Fu—F 1%, BEOEFICRT 5 280
BEIR)Z, THEBZT LRWEERIR S, PRER AT LIz M R0 R
THZLTHD., ARBERTIE, BIEMRERET WITES EHERR - MR
ROERE LFWRN DD ORE, #HFIZONWTE EDOEIToT.

Ya)& M(a)z, WREEZARL A DY a L WO EICEE SIS EITBE SN TH
A ) EIER 7ol BB L OISO E T 5. [FERIC, Y(am)Z g%k A
B a, TRZEEMD m &V EICEE SNTHGEICBE SN TH A 5 IBIEN
IRFEREBOWEE T 5. Fio, BT — 2 LBET — 2 28T 572012,
PLUFIZR R 2 — et O {7 (consistency  assumption) & 48 il 1 O 5 & (composition
assumption)Z & < . —EHMEOBEIL, A=a O M=m DRIV T T —
T, FEREEK Y DEBEEREE Yam b —BETDH5EVHIRETH L. Ak
2, A=aPBEIN=Y 77—k, PTHEEEM PEBEEE Ma) L —iK
TOILEMET D, KT, MEEORIER, Y (a) = Ve M) ZEWT 5. K
oy & T, BEOKRAERI R (total effect; TE) X, MFITxIGAEM RN RER 2 %21
A=) EZT R TGEU=0)0kiE L L TU T TERSIND.

TE = E[Y(1)-Y(0)]= E[Y(1,M (1)) - Y(0,M(0))]
wAZNEIL, HIRZRE RN E(natural direct effect; NDE) & H #8712 #2720 R (natural



indirect effect; NIE)Z 0 S5, BHIRREHEDRIILL T TERIND.
NDE = E[Y (1, M (0))— Y (0, M (0))]

FIRRIS, BRLRMBENRIIU T TERSIND.

NIE = E[Y (1, M (1)) - Y (1, M (0))]
ZORE, LUND X D iGN R O IRENPRANLT S,

TE = NIE+ NDE
NREOGFRITBA LIV THRRNT S, T70bb, SR EFi(=1,.., )k LT
AR, B EESR - M RIZENENTE, =Y.(1)-Y,(0), NDE, =Y.(1,M,
(0))-Y.(0,M.(0)), NIE, = Y,(1, M.(1)) - Y.(1, M,(0)) TEFE S, TE, = NIE,+ NDE, 2%
|DATA: VN
H AR BN B & MBS ROFBANCKIT 2 1 2O+554M40%, BLTFD 4 20
FUENRILT DL Th 5.
M@]] 4|C, Vm

Y(a,m)[[ A|C, Ya,m

Y(a,m)[[ M |4,C Va,m

Y(a,m)[ M(0)|C Va,m
INHOTFT, BRBREHEDRLS LOBERRMBEDIIIUA T O X 5 IZRKBT D
ZLEINTED.

NDE=3Y 3 {E[Y|A=1,M =m,c]-E[Y|A=0,M =m,c]}
xPr[M =m| A=0,c]p(c)

NIE=) > E[Y|A=1,M =m,c]
x{Pt[M =m| A=1,c]-Pt[M =m| A=0,c]} p(c)

FEF D% TILFRA D 72D DRPNE DEHED 720 & D RE DS AL TZ 356 D%
FEFRMT L 4B LT, $B LT B oA EE & LT, A kREER G
B —INAR LTV D KEOHAGEHER O TICET 57 — 2 fiftr ks
RawmE L.



“IHERIS—RICREETIVICE T 2 EEBSERERTE

FEVRE RS - BT RS
ACHREBE RS - Jli% BIRHE
BEAFIAEZERT Ahl 7

1 FOsIC

Bx ik, Jeoffgt (Taneichi et al. [5]) IZBWT, BP AT 4y ZRETNVICEIT ST
7 v A CHEREGEHR) D OO b & TONMmICNT 2lna R E L, 2
DFGIICHED E D IS N— Ly MEEZHEL 2GR D 258 L . 3o1cz0 k
T, D oBNIE D LIFIER U T, BIRA A IO ANDUHS D & ) b T & E B
WCIHREL 72, AR CI&, Taneichi et al. [5] DFENEZE, BP AT 4 7ET AL, K
D — D —BALIILE T L, L BERF R TET Y 205 ¢-F 43— 2 ¥ X (Pardo
and Pardo [4]) ICEED S MUEMGI RN EBELZ B I Ao, Zuc k), ZHRBO SR —
MAVARELE 7N G EREICB VT, AR HE D) REL LV ATH-TYH, i)
BA A iz HO7OERBEIC X > C, MY AMERRZEE 0T uHi - SRER %
REL %,

2 ZERBO—MICEREETIL

— AL E 7L (Nelder and Wedderburn [3]) % 2 HH534f B(n,7) \Z2WTHEZ 5, N fill
DR DT 7 7N =T8T 5 MIGEITHIG L 7 MERER Y, (a=1,...,N) D3H I
I IHIAT B(ne, ma), (=1,...,N)IZft) & L, ZOmfERE% L L"C iaﬁl#’)ﬁ rJRE
SRR g() M2 L, THT—2IINT 2 AL E T

g(ﬂ—oz):w:xﬁa (a:]-""aN) (1)

DPMFONDG. 12120, ko = (Taty -+ Tap)s (@=1,...,N) ZHEEXZ MV, B=(61,...,0)

BRHDIRGA=F X7 FLTHY, p< N 55, Bfig &£ LTRIC, g(t) =log{t/(1-1)},

g(t) = ®7L(t), g(t) =log{—log(1—t)} ZHWVZELEEDETI (1) IFZNZEFN, P AT 4V

JETIN, 7REY FETIL, MIRNBEETVERS, 22T, O() FEEIERSHOR

% DR TH 5. AMETH) ETVE, oL DET LV EEL - RO—BILFREE T
L (1) ZRRET 2,

3 —WBIEBEETFTILOBESEREICHITS ¢-F 1 /N\—I Y AFEHE
— ALK E TADIE L WV &) IR HY 7 = g7 Y (2LB), (a=1,...,N) ZET
27200 ¢-F A N— 2 v AMERTHRIZ

Y, oY,
C¢—2azlna {ww (”) + (1= 7)o (1:;)}

tﬁu¢oi¢(p:()=0%;0¢%) 1 2723 (0,00) ETOEMBEETHD,
37, 79 =m(B), (a=1,...,N) THY, 8" =(57,...,09) \HHEHH HS Db ETD
B DIAMERTH D, I T, MEHE= Cy &, B g ITEC TRLZIHEIRTH S
CEEEELTES. n="n, EBLEE, &

a=1

Ne/n — la, (e =1,...,N) as n — oo, (2)
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7Bl 0< o <L(a=1,...,N), N pp =1 DD IDH51E, ¢-F A "= 2V R
At Cy 1%, R H) O b £ T n — oo o THBEMICHHE N — p DA A4 35y
ICHEH. T 2T, ZHFT—8725, (1) THEAZ NS LT TV EH
POWMEEREEB I ) T ENTED,

4 $p-HFAN—I TV ABEHBEOUR

AKEETIE, Cp DB I SITHIRA A “F MDD G 2 FEE T 2 7291,
JRIAEE HY O b & TORMOMHREERICE-D CERLE LT, Yarnold [6] D% Z 7 IfEw,
Pr{Cy < x|HJ} =~ JI(x) + J§(x) LV IEMEEZ S, 22T, JP(2) 1HEFDA %2 K
ELESERTy 7 —2BHAOETSH Y, JI () EREGNEZZE L iBoEcd 2. C,
DA DOWHLIEFANZ KD 5701z, &M (2) DRDYIT, KDRE12ER 5,

BE T ng/n = o, (a=1,...,N) EWIFHZ ULV, ng — oo, (a=1,...,N) as
n — oo, 1272 L, 0<pa<1,(a:1,...,N),Zg=1,ua:1.

T2, g7t A MO TR, ¢ 735 EEGEMATTETH S £, (81 Db &T I (2)
%,

3
TP () = Pr{xy_, <z} + %Zwi’d’ Pr{x}y_pi2; <2} +0(n7?) (3)
=0

ECIHWATIHMIT S L5, 72721 xF BHBE f O 4 ZFRpAICHE ) HERER 2 RT, %
7o, S0 _qwd? =0 L) BURASK D Lo, BERCHE J9° (v) ORI IR ICEMETH 5 2
L, BXOJL?(2) =0 V2 THBI LS, Cp DHMHIINLT, 3) XTHEA6ND
J90(z) DEMRDAZFGT, IMERICE TS H A4 FEoRi2E 2 5. (3) R, ~—
Ly MEIER X O RO R LinE R & OBIfR OB (e.g. Fujikoshi [2]) % it
T5. 3)RCBVT,¢"(1) = -1 22 W) = 2 DR D LA wd? = —wd® o
wi? = wi? =0HIRD D, DT EiF, N—h Ly MEEDSHHERZ L 2E%KT 2. XoT,
ZDOEAITIE, Cy 1I2N—F Ly MEIEZ L 7 2=

€ = [+ 20§ (n(N ~ )} 11C

ZMEL, 2 DMDBGITIE C, OXBIV O W R HHEHE CJ* (e.g. Fujikoshi [2]) ZHEHE L
o Ba ik, wl?, (j=0,1,2,3) £ LT, ZOHICEENL /T X =5 BIiAHEEN B 2R
AL THRS B HEEM 9%, (j=0,1,2,3) Z A ZHErR CF 80 CL #ftata e L
TRE L7, BRWNZRFGEHR E LTS =5 A4 N—=2 = v AfiatE D% R*(Cressie and Read
[1]) 25 2, el & LTOMEI R E DA A “F/AHNDPCROM S 8 K W) 2 Bl
IZHER L 72,



ZIREFE T I ORIEIRR & ERIERE Dk

R (BMERHOK - BT

Bz

QY AT 4y ZHkE T NVIE, INEEBBIANGETH S L0 IFED T,
RIGARICIOR S 2 Z E3fio T b, AT, 0K BHRD, 3r0—
HEHEJFE TS LTHIBEIISK D LD 2 &R, GEIIS ARG 1 HEDv»
W5, uYy b, 78y kN, complementary log-log 7 ED Y ¥ 7 BEUIZ DWW T,
ISR BN Al & 72 503, — IS II B BOU A1 & WX 5 AR D B
na,

¥—v—F: ZHREYE, MR, AT -5, X7V v aRk

1 BFUOIC: RIFETF—F &R ?
KRFCH, pBOBIIENE VMO MISEZHN S 55, H4 Am0iid 7=
D= {(X’HY;)}:’;D (X“Y;> € R” x {07 1}7

BEZDL, R Lmpl AR THS., Vi=1,%2%2i%21E0, V=045 i%
APIEWES, ZLT, DICS E DL EMMEHER P(V|X,) DHEERZEZ 5.

Fx oBlkIx, 77— DIEFICAEM (imbalanced) %EGETH 5, ZIUIIEH
(H2vizafl) DEBHIEEAELTEVIERTHD, FHlL LT, FER
i, B, BORMENTZ £ 2%% % (Bolton and Hand, 2002; Chawla et al., 2004;
Jin et al., 2005; King and Zeng, 2001).

AT L DRENIZ, XD LX) ICAHEELZERT 5.

EFEEL moooDbETY Y, =0p(1) LB EE, =5 D (D43F) 13FH
HTHdENVT,

iid. L WHIRED S, T—FBARH 2 2 7-DI2IX, (X;,Y;) DAY~ 7
YA X mIRET 2080352, WO LIERTY Y OLEOEDIS, H25A>0

VL 72235 C, IEMEICIE triangular array {( X, Vini)} Z2FZATWE I EICKE S,

1

1€



WX LT

PY,=1)= % +o(m™), m — oo, (1)

DI SLO% G, Y1 VRPN DR T Y VORISR T 5 2 L a3ah b,
S5, ROMEDI Y LD,

Wl 1. EE 1 OBRTABEIC 2 2720 DBEFFEEIE PY; =1)=0(m™) &
BHIETHSD,

BE, GBIV A XAmIKET 5 LI REIR, ZIUIEAHATIER
v, PIZE, BRER TR 2 BT 5 2 LD 5.

UM, Q) i TETNV2EET S, ZOLI)BETNVIEDLE A AML
ICHEZH6N5D, TITRRD2ODHREICERZIKS.

SE (A) X,|Y; DRHEAE 05 m CBAE L s, (V; ORI m kT 5.)

R|/E (B) X; DREADAGDI m A L 7w, (V| X, DRI S A0 m ITHKAAFT 5.)

BE (A1, ViR, X, 0MERTH S &) RBIREMET 2 L ARBIKETH
L5225, —HT, MIRETIVOMREE Z 2 & ZICIEFRE (B) DSTDEENT
b5, FiZ, PHEEORED S, FE (A) & (B) IFMHEICIZFRSEE 22 (4 fi) .

Owen (2007) (&, & (A)DFTuY A7 4y 7hlmzEH L 72856, Z0ORk
e OB IR E Al O L E RIS § 2 2 L 2R L., £7%, Warton
and Shepherd (2010) 1%, 7Y ¥ 7OHWIARH L 13852 b DD, KREMWICIFEH
E(B)DTT, BY AT 4y ZHROMRNS R 7Y vt s 22 2 L 2HEHL, 2
DIREDTEBIU AR 722 2 E 2R LT3, ZOREEIZOWTIZ 2 fiCffHIc
AT 5,

AWFZE T, %E (B)DTT, vY AT 4y 7 bR O IR E 7L ORRER
bRTY VRBRRE RS I L, £ZOMEIEMRICETBRER kI RS 2L
Zm L7z (Sei, 2013). ZOfERZME T2 (BHi) . &, WHANAGRICEIT 5IE
HIZAFIX BT 5.

2 OYRATav 7EBETIVDOARIEBRR
QAT 4y ZHFETFTNVIERONTEREINS
ea+b’a:

P(KZH&Z%%@Zm (2)
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I, (o,B) e Rx R ZEEL,
a=a,=—logm+a, b=0b,=0

SN
1 a—l—ﬁ’a:

P}/Z:]- Xi: 7m7bm m—/
( | X = 20 bn) = T T

1 'y
= —ePT L o(m™)
m

L%, 1HiTlRZFE (B) DT TIE, X; DRFASMIEmICE ST F(de) £ B}
2. £oTRA ZDEHD 5,

P(_J|X_xw(@

Joo POY; = 1| X; = 2)F(da)

a+ﬂx
T ewﬂi%@ o
DD LD, TR XY DR E 0D, BRI A —F 3 OIREILiTE I
BB EERLTCVDS, i, Y, ORASHIE, SHEEROEHD»S

P(X;€da|Yi=1)=

PY,=1)= l/eO‘J’Hﬂ"’F(alx) +o(m™)
m
ED, A= [ertFrp(dr) LB ZEICK DR (1) 2SN, M EoRREM
AEbEBE, uP AT 4y 7EIFE FIVIZEIE o0 F(de) DR 7Y v kT T
VICIR$ % 2 £ 29R S 4% (Warton and Shepherd, 2010).

3 —fiRDZIARBRTETILDORIGEER
MR E TNV FROATERS NS ¢
P(Y,=1|X;,=x,a,b) =G(a+bz), a€R, beR? (3)

ZITGE) IR 1IRITORE MK TH D, ZDHEIE G (p) = sup{z : G(2) < p}
GV Y 7BBTH B, ARG a P AT 4y V0% G(x) = e /(1 + ) DEA,
KB IR (2 3T 3. 2ot G £ L CIEHEESRS A, (BD) Fv L5y
ik HweNn, Z2nZFNn 70y I, complementary log-log V) ¥ 7 BIEUZ )G
T2, LED 32Dl TiE, 3 (3) DXELERIBULMBISIC 2 2 Z & 2351
5TV % (Wedderburn, 1976).
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ST, BETIEDH D, EqlcnL T, ¢ HE%z

(2) e?, ifg=1,
ex Z) =
Pa 14 (1 — g2/, it g #1,

LTS, 727U [2]h = max(2,0), [0]7 =00 £ B, HB, ¢ HEEIEIE M
AL — P ERL DTH 2.
WEMER T, ROEIR D O 2 LRI ASNT VS,

%8 2 (de Haan and Ferreira (2006, Theorem 1.1.2 and 1.1.3)). & %%l ¢, € R,
dm > 08 X OIEABAZBIE g(2) BEFEL T

1
Glem + dmz) = Eg(z) +o(m™), m — oo,

DD D% 61F, g(2)1d WBEIEL Tep,d, ZMOEZZZEICKD) H3
g € RIINT 2 ¢-FEBBIBICR 541 5,

£oT, BBGIZHT 2RDEIZTHARTSH 5.
RE 1. % ¢>0, ¢ €R, dyp, > 0BFELT
G(em +dmz) = %equ(z) +o(m™), m — oo,
DIE D 3L,

BIZIEG PP AT 4y 70D E&E e, = —logm, dn =1, ¢q=1TdHDH,
A= —gHDEEE e, = —m/7, dp=m/T, q=2ThH5.

EE 1. (o,f) eRxRZREIEL, KE 1D ey, dn ZHWT,
am<05) =cCy+ dmaa bm(ﬁ) - dmﬂ

EBL. £, X, DRI MIEmICEST F(de) THh5ETH. ZDLEZ
. | N exp,(a + f'z) F(dr)
WILE}gOP<XZ €dv|Yi=1)= Jew €xp, (a0 + F'x) F(dx) )

WD LD, 2O ¢ IREIARIE (RGBT, -0 A6iR) LN 5.

Proof. IR7E X D

P(Y; = 1] Xi = 2,a,(),bn(B)) = G(am(a) + by (3)'x)
= G(cp + dm(a+ ['x))

1
= exp,(a+ 6'X;) +o(m™).



DD LD, X DAY F(dr) D& &, XA ZDEHD S

exp,(a + f'w) F(dr)
PX;ede|Y,=1)= T exp,(a 1 Fa)F(da) +o(1)

L5, O

OY AT 4y ZHRo & E LMK, CHERRETVIERT Y RUERICIERL, %
DIBEERIEUZ A(dx) = exp, (o + f'z)F(dx) & 7% % (Sei, 2013).

4 ZDODEREDEHERZFME
2 TIEREGE (A), (B) BWMREIIC S TH 2 2 L RS, BE (A) X, WM
\, Fo, By 2 W T

PY;=1)= % +o(m™),
P(X; € dx |Y; =0) = Fy(dz) + o(1),
P(X;edx|Y;=1)= Fi(dz) + o(1)

LRIND, 2L o(1) DEIE0 LI DHRE (A) 08, L UREZED 7.
—J7, BE (B) X, #47%h, FZHWT

anlﬁﬁzxﬁ=%?+dm4%

P(X; € dx) = F(dz) + o(1)

>

ERIND, WE(A)DLELFK, ol) DWAIIPLKREZFEDL., TDXKIHIC
EHLTH 2L 3HOMEIIRRFI NS,
ZDEEZERDEMDD LD,

EE 2.\ Fy, Fy & h, FIZROBRERD :

F(dz) = Fy(dz), h(z)= )\Fo(d:c)’

F
A= / ) Flde), - Fy(d) = Fide), - Fy(d) = 3 }E ;) PE z)
Proof. 2MERDEIME XA ADEHICKED . BE (A) DT T

mm=1p&=xy:%ggg+dm4%

P(X; € dx) = Fy(dx) + o(1)




L%, ARk, BE B)DTFTIE

p(y; = 1) = L2OEED |01y

_ h(z)F(dr) )
= Thi)Fa) oW
P(X; €dx|Y;=0)= F(dx) + o(1)

P(X;€dx|Y,=1)

L35, O

SE 3
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2MEBEHIFDIFICHIFTDETILEHEEDERICDOWVWT
TLH B3E (e EEHze 508 - #Esmthse%)

2 EHAOEIZ S ESE RGN 2 ELDOTHITOHN D ERE &5, > THEINNED 7 14y & v —OFIZH
WETY AT 4y 7 OB R TED S LI DR BT Y T =2, FVvFL75L AL, HR—FRY
y =2 v ELOFEDHFEIN TS, ZOHRKRTIEZNS DIMGINTEEZ XA A 27 —H OB 5
M B 2T 7.

MERLE (X,Y)Z2HEZ S5, ZIZTX IR LOMEZID, Y IZ2MH0,1 2HL5 L35, 2 fEHRIMED NI
BT X BFEFEERE I TNER YV IE7 7 A7V EMIR, HNE X IS Y Pl &2, FARKE
JERIE % p(x,y) LFEKEE, 7F7ATNVY =y OREEHR X = 2 ODFEMMN EHERE P(Y = y|lz), FEEHK
XDV IATRVY =y DG SEEREZ p(x|Y =y) 55 L, WEAEL A(x) = logp(z,1)/p(x,0) &

P(Y =1|x) gp(w|Y =1)P(Y =1) (1)
P(Y =0]x) p(x]Y =0)P(Y =0)

T, AT X = YV IRHRIBE F(X) LB c 26 f(X) =H(F(X) —c) LRI N5, 2 2TH()
FANEY A FEISZET. 20X 9 i3 EE IR S s D Tid 7 CHRIBEEIC X > TR S L3,

B X IS5 Y 0P (1) O A © 2 00RBICHES S, MERPHNT 7a—F, BEZZHINT 7
0—FZEL PHINT 7a—F3uP AT 4y ZHIFETFLO X ) SRR P(Y = ylx) ZEEE TG
Lo CRRBEBOHEERE L LT\, 78 7—A PP R— b7 -2 v SFIUCEENS [1 - 5]
—HTBWIINT 7a—F137 49 > 2 —$IHAD X H 127 7 AT VG EEE-E p(x)Y =y) ZHET 2
M E LT\, 2 BEARRE & B BR0H 2. ZOSURTIZIRIERDUL 7 7 A 7 LOVEAEA & 5341 o [ &4
H:pz|Y =1)=p(z|Y =0) &% 5. 2EERBE, 74 0ar7y VIEMABESBERL TS % [4). Fic7 4y

—BIGHANE AR 1L, el RORKIC k> TfHo s 2L 2ERL I,
HEB p(x,y) D7 VT LT TN (X, )L, ok, ZOLE RYRATAY 7ETN

A(x) = log F7x Az) =1

ey(ﬁfﬂﬂrﬁo)

P(Y =ylz,B) =
PIREI NI E L&, MM E B ERIE

1 + eﬁ,{w‘i’ﬁo

o Yi(BY X i+ 50)
E:log BT X150 (3)

WCEED R BIA it T\w %, — T CRIEICEE DD WL VTR, IERGERBAONS, 2oL L
THRE o 2 B%

Lew(F) = = exp{(1 ~ 2¥) F(X,)) (1)

AEZES. ZOUABBIET YT AL - PATY RLEBATBEDICELLNLLDOTH S [2,3], #T
DELGCEZTOMBLTt-A7Ty 7CTOHURNBE F, 26 XD AT v 7OHRIBEEE Fiy(x) = Fi(x) + afi(x)
EHFIT S, I TS AR R o T

(Oét, ft) = argmin Lexp(Ft + Oéf) (5)
(a, f)ERXC



LED D, LD (5) ORMURIIER BN H 5 2 L IVREN, CORATy 774 ARKEE D BB () =
ST aufile) BESND, BT OEE C AR LTS F QRIS U724 & 1230 A RN A5 5 h
5 EBHSNT S, HIFHEMR AMSIEKD X ) KRS h 3,

E@wMD}Z/T%M%F@HMY:1@%+wMF@ﬂMY:m@b@Mw

W 1. TRTOHBIBEHOEMEZ F LET. L&, FY(X)=1ANX) £T2ERDHRLT S,

1
2

E{Lexp(F™)} = min B{ Lexp()}- (6)

EE 1 BB Fr(z) = LTz + o) 2525 L (1) 0 1 RHOLEL A 0B S

ey(ﬁlTerﬁO)

PY =ylo) = (7)

1 + eﬁlTﬂiJrﬁo

EnhuaP AT 4y ZlkgE TG SN (1.

90 FEMR K DB EE OB CIERICERZSINLT I 7T —A T R— bRV F =22 V3T L LIS
DRGHFEIZE VIEREIN TS, —HTHIFICE VLTI 90 FER & D BRI ONE TIRATIRE 7L O
DEEANED 5NTEN, 777 ZEREER MCMC I & 32 770 75 M & 5% K 6 R, Ekat, &
BB AICB W CRAMRE TNV OB EHENZ2 b D E LTALRBLTETW S, Rlia I Lig, Zomay
DL EMFHEDOTRNB A VICER 2R 5w, ZOMBDO—2L LTEALNS I LRBLLEDE Z 2flion
ABIBICHERT 2 2 L OWEEZ T 5N 5, ZHUOWTHUTO LI FHl 7 7u—F ETEZEL k5. HPIB%
FIZRLTH 20 AR L(F) D3R4 XY 27— %53 L L, BHBE T Fap(x,2) = 8"z +b 2+ a
ZIGET 5 AT TV

v (BTT+bT z4a)

PY =yle.2) = 5 rera (8)

ThHzoNs, 22T e REESR, b 227V VLR ET S, ZOFREDOTTO AR LI R
REBIICE-ThVERDLNG, 5, MHElE L BWEE OB CERikin 2l L RO, & ik
DFT- )T AR INDG Z EHEFEINS.
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Ultra-high dimensional longitudinal data are increasingly common and the analysis is
challenging both theoretically and methodologically. The purpose of this paper is to
offer an automatic procedure in hunting for a sparse semivarying coefficient model,

which has been widely accepted in applications.

Our idea is to first reduce the number of covariates to a reasonable order by employing
a screening method, and then identify both the varying and constant coefficients using a
group SCAD estimator. Based on the results, we then refine the group SCAD estimator
by accounting for the within-subject covariance function, which is estimated
nonparametrically. The screening procedure is based on working independence and
B-spline marginal varying coefficient models. Under weaker conditions than existing
ones, we show that with high probability only irrelevant variables will be screened out

and the number of remaining variables can be bounded by a moderate order.

Our group SCAD regularized B-spline estimator detects the constant and varying
effects simultaneously and possesses the consistency, sparsity and oracle properties.
The refined semivarying coefficient model is semiparametric efficient as it employs local
linear smoothing, nonparametric estimation of the covariance structure based on
residuals obtained by assuming working independence and profile least squares

estimation.

We also suggest ways to implement the methods and to select the tuning parameters
and the smoothing parameters. In summary, the methodology and theory are new and
powerful, and the methods are fully automatic and readily applicable in practice. An
extensive simulation study is summarized to demonstrate its finite sample performance

and the yeast cell cycle data is analyzed.
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Information Criteria Based on Quasi-likelihood with Application
to Over-dispersed Data

Yiping Tang, and Jinfang Wang
Graduate School of Science, Chiba University

1 Semiparametric Kullback-Leibler information

We shall consider regression analysis in the framework of generalized linear models. We will
replace the full distributional assumptions by the assumptions on mean p;(3) and variance
¢V (p;(B)). Thus, the we have an infinite dimensional models space, containing all distribution
functions satisfying these two moment restrictions. Extending the idea of AIC, we thus
consider the following problem by projecting the true distribution function to the semi-
parametric model using the Kullback-Leibler information as a quasi-distance function:

w80~ it [ 1og (@) hy) dy (1)

9€9 9(y)
subject to /m(y,ﬁ,¢)g(y) dy =0 and /g(y) dy = 1.

Using the results in convex analysis (e.g., Kitamura, 2006), the solution to infinite dimen-
sional optimization problem v(3, ¢) can be equivalently written as the solution to the finite
dimensional optimization problem v*(3, ¢) as follows:

v'(8,¢) = sup {1 +A+ /log(—A —r'm(y,B,)) h(y) dy} : (1.2)
AER, TP ER2
which leads us to consider the following semiparametric Kullback-Leibler information
SKL(8) = sup_ [ p(y. 0.7)h(y) dy.= sup [ log (1+7'm(y. B.6) h(y) dy.  (13)
TeRr? TeR?

2 The semiparametric information criterion

The minimizer of SKL(8) is a solution to the following saddle point problem:

0. =argmin sup Egy|p(y,0,7), (2.4)
€0 rer(@)

where © denotes the parameter space for 8, L(0) = {r : r'm(y,0) € Z}, and Z is an open
interval containing zero. To find 6, the expectation of p(y, 8, r) is first maximized for given
0, so that 0, satisfies Ey [p1 (y,0,7)m(y,0)] = 0, where p; (y,0,r) is the first derivative
of p(.) with respect to r'm(y, @). Nest, since 6, is the minimizer of Ey [p(y, 0,7)], so that
Eyp1(y,0,7) M(y,0)'r(0)] = 0, is satisfies, where M (y,0) = Om(y, 0)/06'.

The solutions to the above saddle point problem is not computable because it involves
the expectation with respect to the true known density function. One way to avoid this



is to replace the true distribution function by an empirical distribution function. This
solution can be shown to be asymptotically equivalent to 0= (B/, qg)’ with B being the quasi-
likelihood estimator and gg the estimator from the usual Pearson residual. Since the 8 is also
a consistent estimator, it is reasonable to use (5, ?(5)) instead. The statistical problem now

is to construct an estimator for the expected semiparametric information defined as follows:

EulSKL()] = Ex [ [ ot 8.7@)n) ). (2.5)

Now we are able to state our main results.
The proposed criterion SIC has the following properties.

THEOREM 2.1 Suppose that the model is correctly specified. Let k be the dimension of .
Then the following quantity

SIC = En: 0 (y 0, ?(5)) +k (2.6)

18 an asymptotically unbiased estimator of the expected semiparametric information.

When models are possibly misspecified, we can extend the above results as follows.

THEOREM 2.2 Let

g_ 1 Z [Tz‘ (@?(5)) Y; (b\a/”:<§))/:| ’ Q - % :

n <
=1

Then the following quantity,
SICr = Z p (yi, 0, ?(5)) — trace(SQ 1), (2.7)
i=1

under reqularity conditions, is an asymptotically unbiased estimator of the expected semi-
parametric information.

SIC7 may be understood as a semiparametric extension of the Takeuchi information
criterion (Takeuchi, 1976) for parametric likelihood analysis.



—EBOBNE, CTT X LR KRB DS DT —H ~D
BB ATT LD

FLIRS R R ke AT KA
PN e G oy == W= 1P/
BRI =) LR BEF XK

1 [FL®IC

KRPT =2k L TUE, #7237 X MY w7 7efiGtET U v 78 L TEFTHED Y (censored)
oUW (truncated) 2B [E L7z 7iEN & 5 (HHHHL, 2005). A TIE, & 5FFE DO Toy
Wr EEECEXRWRAT 2350, IHICZOFEKTIZIEFRICHESNZT — % HFEEL T
%, LWORBEER . IS ORPELS, HOREONERM CRLskINTT —F bbb
X, D ELRBEEINRD ST —Z DLV IR TH L. UL —HOHEKTT
KNI RJD B % (partially missing at random) & WO FLETET Y VI NA[EETHDH. ZD X
IWRT =B T 511X, TERDMEFT B LU OFEFTET LV EZEDOE FHATE RV, K
WEOHE, ZOX) MBI T 2METET VERL, S HITHAEL 7R DR 2 IEHIR
BRMIILET S22 THD.

2 EMLLGLMETETIVELEREK

RN f(-) DEFRBNOERE O R TEL T =2 BBl S e o o LW O BEEHET VT,
ROEL DTS D5 Z ENTE S, IR Z KA EFFSZ & L L, RIZBWTREE m 28k
MmLTnLx, BNT—4 o &EREK

s lizeR (MEMHY)
| 0: e R (MIEMAL = K3

EHND L, BAFD 1 OOMEHET VLRI B

X ~ f(x|0)° - plx]0, R)' ™

p(a(0, R) = /R f(z)de

THD. ZIUTHESOTRERER AR LT, BHHONRT A—XE2HET D2 ENTE D (FFAH,
2005).

WIZ, FEIR R CEBUN & KPIDFRIRFCH D Z L %2BE 2D, ZORND 1 >DOEZHELT, RO
HRTTUELRRUBRH D, EVIMFET DR TE D, ZORMIE, KR = (—oc0,c) T
F—HNIEHI ng B S, fHK R = [¢,00) Tl ng 87— & 3BHIS U, m f#KH LTV
HETD ().

ZORPL D BIRIZE N D R EREBIILL T O#E Y Th D,

Thb. ZZT,



ng: Observed

ng: Observed

1: fHlk R CORMEBR SNIZT —ZE (ng, nr, m).

Iy - il:[lf(:viw)'jl:[lf(xjw)'{/Rf(tlmdt'nRer}

- ﬁj@Mf{AfM@ﬁﬁmﬁm}ﬁ (1)

ZIT, N=ngp+nplFlEshi=7r—2%, X (1) OFFEINNIZ RICHET 2 KA LR TR
ThD. KEEm BEERMOBAILERE L TR, REOHEIT AT A—F L LTHEEZITY Z
LNTE D (PHHh, 2013).

3 BEPHETILADILE
KR L 72 B0 % r BORSA & B IRA TR T L

f(21®) = mfu(w|0k)
k=1

LF B kRS f(0k) 13 1 BB ERS A, S = 1, m > 0, 0 = {up, 02}, © =
(Tlyee o Tory B0,y 0, Th B, (1) RITESOT, BADOERS AR LTI R 228
U7 bR R R T 5.

N r my
_ . _ Mk
L—Ejm@bﬂl{émﬂM@Wxnm+mJ .

nr, & my W EH kMO RIZET 28I E R TH D, TS L D680 ERBED &,
EMETHET 720D TA—2OHEHFREHKT D ENTEDH. £, my ITBEETH R
THW TR L TRT A—=FHETE, SOITRMOBEAIIRAE m, OHEE L ATHETH 5.

4 BIEEER
4.1 ERESTWETIL

TR OMFE T VAR IE R A & L, KAIEERIE R = (0,00), KR CRHGEN
DORPWOEIE) 1Xq=0.9,0.75,0.5,0.25,0.1, FAESEDLT—X4$% 1000 £ LT, RNTqD%
B3 U CHUR R 21T o 72, S8R (1) 1R ABE A, J28R (2) IXRmIE LTHELTWD. 3
BREEE 100 B & LT, OV ERLIEZONRE 1 THS.



%11H%%ﬁ~bfmﬁ1%%

q n ng nR ng+nr+m
0.90 | —0.003 0.990 500.9  49.5 450.0 1000
0.75 0.000 1.002 | 498.8 126.3 375.0 1000
2% (1) | 0.50 | —0.001 1.000 | 501.3 247.7 251.0 1000
0.25 | —0.005 1.003 | 503.5 371.8 124.7 1000
0.10 | —0.004 0.999 | 500.9 450.3  48.8 1000
0.90 [ —0.010 0.996 | 501.8  49.1 449.0 999.9
0.75 | —0.001 1.001 | 500.2 124.5 377.7 1002.4
FBR (2) | 0.50 0.005 1.004 | 495.9 251.8 250.3 998.0
0.25 0.002  0.999 | 499.2 373.5 129.2 1001.9
0.10 | —0.001 0.998 | 500.6 449.2  53.9 1003.7

4.2 REBERSMETIL(A)
T A ERORRET NV 2 D T HIREG IERL A
S (N ([0, 1) + N(a]3,1)}

LT, KRMIFEEIE R = (4,00), KHIER (RPN O KHPOEIE) 1% q = 0.9,0.75,0.5,0.25,
%ééﬁ57—&ﬁ%1m0&bf,Rqu@%@:ﬁbfﬁ@%%%ﬁot.%%cnwkw
BABEE, FER @A) IIRmE LTHEL TWD. EREENT 100 [F1 & LT, EOFEEZR LICOMR
£2ThH5D.

= 2. IRE Eﬁ\ﬁ%wamﬁL%%l o

q 1 o 1 f12 a% 02 P N+m N m m mi mo my ms

0.25 | 0.505 0.495 0.021 3.023 1.020 0.982 | 0.0195 1000 980.5 19.5 19.8 | 0.0091 19.5 0.004 19.8
2R (3) 0.50 | 0.501 0.499 0.005 3.011 1.008 0.991 | 0.0407 1000 959.3 40.7 39.7 | 0.0173 40.7 0.008 39.7
0.75 | 0.500 0.500 0.004 2.992 1.017 1.017 | 0.0598 1000 940.3 59.7 59.5 | 0.0317 59.7 0.012 59.5
0.90 | 0.496 0.504 -0.005 2.990 0.990 1.017 | 0.0716 1000 928.6 71.4 71.4 | 0.0265 71.4 0.014 71.4

0.25 | 0.497 0.503 —0.009 3.003 0.991 1.022 | 0.0233 1003.9 980.3 23.6 19.8 | 0.0097 23.6 0.004 19.8
R (4) 0.50 | 0.502 0.498 0.002 3.013 1.013 0.996 | 0.0404 999.9 959.2 40.7 39.7 | 0.0193 40.7 0.008 39.7
0.75 | 0.496 0.504 -0.001 3.010 1.000 1.042 | 0.0637 1005.9 941.5 64.5 59.5 | 0.0232 64.5 0.012 59.5
0.90 | 0.502 0.498 0.000 2.989 1.005 0.999 | 0.0690 998.4 929.0 69.5 71.4 | 0.0326 69.4 0.014 71.4

4.3 RBERDMETIL(2)
T A ER O ET NV 2 D T HIREG IERL A
S (N ([0, 1) + N(a]6,1)}

& LT, KMllgEEIE R = (1,5), K= (REEEEANORHBIOEE) 1% q=0.25,0.5,0.75,0.9, F&
BESELT—F %% 1000 &£ LT, RNT q DAEITK L TEIEERZIT > 72, F2BR (5) 13 RMIEL
ZBERN, EER(6) lIoRMmE LTHEE LT\ A, FEBREFIT 100 B & LT, 2D E R LIDHE
3ThHD.

#* 3: B Eﬁ YT T /L COHUEEER 2 I

q st T2 I f12 a% 02 P N+m N m m0 m1 e myj  m,

0.25 | 0.500 0.500 -0.005 5.997 1.006 0.998 | 0.03938 1000 960.7 39.3 39.7 19.6 19.7 19.8 19.8
R (5) 0.50 | 0.500 0.500 -0.005 5.994 1.011 0.999 | 0.08011 1000 919.6 80.4 79.3 40.0 40.4 39.7 39.7
0.75 | 0.501 0.499 -0.001 6.000 1.002 1.001 | 0.11908 1000 881.1 118.9 119 59.5 59.4 59.5 59.5
0.90 | 0.500 0.500 0.003 5.995 0.999 0.995 | 0.14399 1000 855.8 144.2 142.8 | 72.2 72.0 71.4 71.4

0.25 | 0.500 0.500 0.001 5.996 0.995 0.997 | 0.04040 1001.7 960.6 41.1 39.7 20.5 20.6 19.8 19.8
R (6) 0.50 | 0.501 0.499 0.004 5.997 1.005 0.998 | 0.07917 999.6 920.0 79.7 79.3 40.1 39.6 39.7 39.7
0.75 | 0.500 0.500 -0.001 5.990 1.009 0.989 | 0.11848 1001.4 882.2 119.3 119 59.8 59.5 59.5 59.5
0.90 | 0.500 0.500 0.005 5.989 1.016 1.026 | 0.14814 1005.4 855.7 149.7 1428 | 744 754 714 714




5 HEREMRFEHET—2~0EA

HHMBE (excel) ORBRIZKIFMT —Z Ikt LT, MEFEZBEMA TS, FRENER LR
N7 7 ANVEMEE LTSN 7 7 A AR SN, ZOSERBNONTSRT —4% L e b, ki
DU E CHE LT, ZTO®%RALY — L THATDIMEEZ RS 120, sk S5 R 2D
I EFBICR D 2 b HVES. F2, & PCOREIIE-TWEY, ZAKTZEBRT 5720,
RREEEOBRZEAT, MOUVREREZELMEL, AW H 200 HEL. 0L Z
ED, KEDUIY B OT —Z HIEE L TW5. EBREE & EEOT — X BUSICB I 2 HEMAE L
BWEOX vy TNEAELTND.

ZOF—HOEEERE LT, HEDLEBNLTEKRTIRAKE BIEAKE) BIFEE
L, —77, &L AROIEEDZ2VEE (BEAAKE) bD.

ZOT—EGIOBENE, ZOT—ENOLBEAKEREWHETHETHD. INEIT

LTWDEIICRZD. 12 FFENRH-> THINTESICHREE SR T 28 (BIAKE) &,
b9 1 D/Td DRI D0 - TEATERRIICIRE A SER T & o8 GUTERRED) 2AHZ L
MTED. TR O —EIXBTEAKE T, FHENZ Y TICAEKICRoTnD EBE2 DL &
NTEDL., ZONBOWELT HZENHMTHD.

T OBEITROEY TH5H. EMAHEIT 530 AN (N, FEENAGHIT 516 A, KRfE%OA
BEIL 14 N) , REKIZ269 A ThHDH. FAEKEITIE, BIEAGKE LEZEREEENND LEX
T, ZOBIEEHKERZHET S.

WAAER A 2 (R, AEAEER T, A H DRSOV ThH D, LT —
KT OWPEMO A% ANTH T, KABUIIHOTW R, BERERERE EBERKRE Y
BET DIERB 2N TH D, 51T, 2 20ERDMITH LT, SECCIRA LRI LTl 5
HaOF I T A—FHEE LT, T A= OHEEMIL, 71 = 0.359, iy = —34.7, fio = —10.2,
61 =62.1, 63 = 166.6 ThH-oT=. ZOFRENE, WIEAHERIL 8L NLHE ST

SP =219 \_?7 TE = 311

Wil

—-60 -40 -20 20

LP =281

X 2: RERTERT — X I T DI_EETT LOYETIED
SP: B /1t ERE, TE: 378588, LP: IBEAHKA.
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A — F VI FED AN E D i DT

A HE RSB E b

1

Xy, X, & F(z—0) Do OIEAERE T2, 72720 F X F(—2) =1—F(z) DN
B CEEBBER O LTS, ZO L EIFGH Hy - 0 = 0 vs. XOZRKEE Hy : 0 > 0 D—
BEAMEREZEZ S, /7 XA MYy 7 RBELE LT, fFEHE S =#{X;>0;i=
1,2, n} 74N 7Y VORFFMNEMMGME W = #{X; + X; > 0;1 <i < j<n}
DBRECFHIN TS, BEIEHEBE s, w 128 L THEMR Py(S > s), PB,(W >w) %
RKOT, ZDOMEHIVNS WIRFIIFIERE Hy 23§25 2 &% 5, L LWL DOk
(Lehmann (1975), Brown et al.(2001) %) THMEIN T2 X )12 S, W BBEEBI D 54h
2RO, BEARBDVNS WIRHZZ S 086 W 2HHT 27508 S X 0 b A ERERIZ/
S %%, IEBOEROEEHIEZ > THEMREZ KD 2 &, ZoEIEIP LEEI NS,

S DBEREZ %R 5 72 012, Brown et al. (2001) 13 LA 74 7y 2REL, 2
DO TR FFEHE biim L T\ 5, ERHEMAS M IER DD & Z1X, Pitman O
IR ROBER TR ERE L VBN THWE I EZ2R LT3, FHRboET, BEk
&1 distribution-free Tl 7% 72 5 72 ®12, ERIA KO Edgeworth JEB %2 KD T2 5,

A HIRE&G & (2013) (&, AR D A — F VEIHEE R Z Hw T, Hift A5 H0E 2 %
L, AEHEROEMZEGRL T b, ARETIE 74 Va7 Y v ORF SN S ENRED H —
FOVEIEUE o 7ol b 2 R E L, ZOEEMEDOELICOWTHRET 5.

2 T«I)LaAVY2ORFENEIEMRE DEY
AKHRETII A — 2 VARG R ICHE O W T, 74 a2y vy offF 54 ZIEN & Pitman D
BIFROBRCRG 2E 2 5. AiE&EE (2013) fF5HE DEfifk &L L <
R X, 1
S= X E(7) 3

n

ERELTCVS, ZEL k(u) Z4RDA—=FNETELE

Th3., %7 h, ZNYFIRET, h, — 0, nh, — oo TH 5. IR Hy HIEL VFE S
I3 0 ICEWEE & BHERHAT, SRIIATE L I B Ol & 2 e KIc s, L
FhSo TR, FEBUE 5 I L A EE

Py(S < 3)
DREIZMNTHI LIRS,
74V v O E A D L & LT
_X'i +XJ)

W= > K( "

1<i<j<n
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HEZD, NIVARGDSIE L WRHZIZNZ Wiz L 2HERIRKE S 2D T, FEEUE @ 128
LT
Py(W < )

DYNSWIRHZ Hy ZFHITH 2 LIk 5,

3 MBREMIEDHE
MEHEHRE W G E L 72 72 ® 12 distribution-free Tl3 7 £ 75 228, JRE{REE Hy O F

TOMNL T BUIRHEM AT FASHRAFE L 7%\, %72 Pitman OWREMHNEIRIE Y 4 va 7y
Y DR TN EMANEE W LRI TH 5,

EIE A — VBB k(u) Z4RDA—F)L, Tibb

/OO k(u)du =1 ,/Oo k(uwuwdu=0,(j = 2,3),/OO k(u)udu # 0
i3T5, Fh hy,=cn Y (c>0) LT LEERDPKLT 5.
(1)

3 2

(V) = =+ 003, E(W) =% [~ Fla+20)f(a)de +O(n)

(2)
W — Ep[W]

Vo(W)
F IR Hy O T T, BEL L MR oM o i EIERI S N(0,1) TH 5.
(3) 74 Nay ) v DR SRS EAE WL ERALBE W IZFE U Pitman O M%)
rfio,

L, N(0,1),  (n— )

W OO EFIEE F ISR L 20T, EEESLEEZ P L TR O3]
BETH B, W IRHHL L TV 2 DT, distribution-free TIE7Z2\23, WREAH K O Edgeworth
BHOMMANTET, A—2 VBB k() 29 £ L5 LICX D IEBLAMIZ K%L D FIHE
ThH 5,
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