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Shrinkage Estimation of Optimal Portfolio
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Analysis of CL and Estimating Function Estimators for
Financial Time Series Models

Tomoyuki Amano (Wakayama University)

Many financial time series models have been proposed in order to represent
behaviours of time series data in finance and many reserchers have investigated
these models. One of the most famous financial time series models is ARCH
model, which was introduced by Engle (1982). Another famous financial time
series model is GARCH model, which is the extension of ARCH model and was
introduced by Bollerslev (1986). Since then, a great number of theoretical and
empirical studies have been conducted for them. Recently, a class of ARCH(o0)
models was introduced, which includes ARCH and GARCH models as special
cases. Lee and Taniguchi (2005) established the local asymptotic normality
(LAN) of this model. Recently, CHARN model was proposed by Hérdle and
Tsybakov (1997) and Hérdle et. al. (1998), which includes many financial time
series models and is widely used in finance. Kato et. al. (2006) derived LAN of
this model.

For financial time series models, one of the most famous and fundamental
estimator is the conditional least squares estimator (CL estimator), which was
proposed by Tjgstheim (1986). CL estimator has two advantages, it can be
calculated easily and it does not need the knowledge of the innovation. Hence
this convenient estimator has been widely used. However Amano and Taniguchi
(2008) showed the condition that CL estimator is asymptotically optimal is
strict.

Another estimator for financial time series model is the estimating func-
tion estimator. The estimating function estimator was introduced by Godambe
(1960, 1985) and Hansen (1982). Chandra and Taniguchi (2001) constructed the
optimal estimating function estimator (G estimator) for ARCH and the random
coefficient autoregressive (RCA) models based on the optimal estimating func-
tion of Godambe and showed G estimator is better than CL estimator in the
sense of the sample mean squared error by simulation. Furthermore Amano
(2009) applied G estimator to GARCH, RCA and Nonlinear AR models and
investigated behaviours of G estimator. In Amano (2009), it is shown that G
estimator is better than CL estimator in the sense of the efficiency theoretically.
Amano (2009) also derived conditions that G estimator is asymptotically op-
timal based on LAN for these models. Since these conditions are general and
natural, G estimator is a good estimator for financial time series models. Re-
cently Kanai et. al. (2010) applied G estimator to CHARN model and showed
the consistency of this estimator.

In this talk, we review results of CL and G estimators for ARCH, GARCH
and CHARN models. First, we give the definitions of CL and G estimators.
Next, the results of CL and G estimators for ARCH model are reviewed. Then,
we review the results of CL and G estimators for GARCH model. Finally, we
review the results of CL and G estimators for CHARN model.
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High-Dimensional Mean Estimation via L1-Penalized
Normal Likelihood
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L BIFAHEEIC X BEFAINETILDRA/IN—RHEE

S A fa s
KBRS KA B RE ToE e it

1 B=E

WFareET N Ed, SERT —2 OMHBNEGY S, TRICHET 2@ 2 A€ 71
Thh, LB ek, EMBEZIIU O LT 2HREONRAL LTIt S Tw 5, B
7—% LGN 2 i SR ARTR I, @R, RO 2BMEHEIC k> TR 6N S (1) HF0h
ETNZRGEIC L > THEE S 5, (i) 2N = v 7 AWEEZ EDORFAHE 2 v TR LS w A
T2ZHEADTHT, “WBROLPT I Lo THRL ZIEENSEZ 550, A TIERREFAMmTT
Il TEBLRFAN-RIHEE T 52 2 EZ 5, 22T, kElo 2 BEECIC & 2 T Am{T
FIOHEEFIZIZ O OPRIES R H 5, £9, IFEOMET VIR IA=YEDBERERD, &
TETIE LI U ISHEEDALE L 5 (Akaike, 1987). FFIZ, ZEOEDIY v T LH A4 XX DK
SVGE, RAMEMZRDZ ZLIE TSR, £, & ARLHEMZBENICKD 2 2 &
DTELLELTH, RFMETIEHTICAR—ARMEEZIT) 2EDXTERLIENS W, Th
5 DRI 27212, Ly BIEAMLIEIC X > THF I ET V2 HET 5.

Lasso (Tibshirani, 1996) Z & U ® &9 % Ly BLEANGIEL, #IBRYSE TV, 777 4 ALE
TN, YR—bRI Y =22 Vi EDRRA I ETIWVISEMTE 2 28— ZAHEEEK E L TLA S Hw
SNTWw3, LLidys, RFSIETMCET 2 L BLIEAMLERIZ LA RSN TO R
V>, Ning and Georgiou (2011) %> Choi et al. (2011) %, KFEf{{i751IC Lasso ¥ 4 7D 1EHI{L
k@l L, SRR 2B EE L D LE L @2 T) 2L TEH 2 2R L
L7036, SR S RAHEEE &I 7 2 BIREHEE 1 & BRI BRI v, &5
12, Lasso (ZMEICERETVEHET A2HAICH S 2 EBFONTED, XD A NN—ALEEK
b 2 EHIEZ AV 2 58235 %

ARTIE, RFOIETIVICEBNT, BRI VT 4 18D Cft L W ETRIY & RoOUHEE s 2 1
295, £, FHNS S RAOHEEESHINZ 2 BRBEHEE O —Mfb & el enTtEs itz
Y. Bk, RTARTTIIDREED AN ESE % R\ C—RICHEEL, 2> Solution path 23
THEEMEANE THfE Td > 72356, 2 BRFEHEERIC X o TR & - MR I3 BRI S I B ETE IC & -
TEIRET I ENTEL L 2T, MEFHERF 22—V IR IA—FDEZZEZ S T LI L>
T, WFHRE D b ANR—AR@ERDLIENTES, 61T, BTDFa—= VI RNFTRX—F
XS B RE RIS R D 272012, EM 703 Y X4 (Rubin and Thayer, 1982) & Coordinate
descent 7V Y X4 (Mazumder et al., 2011) ZflAGOELFH LTIV TY AL ZRET 5,
RET 2703V XL, Lasso, SCAD, MC+ I LT 4 ZEGTMBD TIANT 7 ADRF LT 4
X L CEHARETH 5, IREFRZEBLEFRBT -2 ICEH L, ZoFHEZBGEET 5.
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2 LiBIFAMEEICEBEAFAINETIVDRA/IN—AHEE

p ROGBIIZAESZ X = (X1,...,X,)T &L, 20T b LSBT EITI % 2 2 p,
LT3 ZDEE, IFAMETNVIEIRTEZONS,

X=p+AF+e¢

7L, A= (N ldpxm WFAMTH, F = (F, -, Fy)T & m RoudB@ER X2 by,
e=(e1, ,ep) T EpRIMHAR TR FLET S, HERTFR7 PV F EHMARTRZ Fleld
ZNZIINACEERIERGMIHE ) EREL, 206DV PV EGHITING E(F) =0
E(e) =0, E(FFT) =1, E(ee’) = v THEZ6N2 LT 2. ZTIT, L, dmxm sl
Ul p x pNAfTIITH S, O O i AR IZMASHEFIN, ¢, THA6NE LTS, Z
NODREIT LD, BHIEKRZ bV X 1F, FEIRT bV p, 0 BITH AAT + & ZF5O
%R RAERITARITHE D .

NAEHD pRIGT =% 21, -+ ,2n D3 Np(p, AAT + @) DO FAE L7, ET N NTA—F AW
% lasso ¥ 4 7OEMHIN ZHRAIEIC K > THEET 5. 22T, SHIA S REOLEERI%IZ

(A W) = (A, ®) =N D > pP(Ai])
i=1 j=1

THABNS, £EL, (A,®) IEAFERK P() &
¥5,

THIE, p > 0 1FERHE T X =% L

SEXH
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1 Moment convergence of Z-estimators

For an illustration, let us consider the simplest case of i.i.d. data. Let (X, A, u) be
a measure space, and let us be given a parametric family of probability densities
f(-;0) with respect to u, where § € © C R% Let X, X5, ... be an i.i.d. sequence
of X-valued random variables from this parametric model. There are two ways
to define the “maximum likelihood estimator (MLE)” in statistics. One way is to
define it as the maximum point of the random function

1 n
0= M(0) = — > log f(Xi;6),
k=1

while the other is to do it as the solution to the estimating equation
M., (6) =0,

where M, () is the gradient vector of M, (#). The former is a special case of “M-
estimators”, and the latter is that of “Z-estimators”; see van der Vaart and Wellner
(1996) for these terminologies.

It is well known that the MLE 571 is asymptotically normal: it holds for any
bounded continuous function v : R? — R that

Tim B[ (v/n(0, — 00))] = EL(I(00)2)]

where 1(6y) is the Fisher information matrix and Z is a standard Gaussian random
vector. Furthermore, it is important for some advanced theories in statistics, in-
cluding asymptotic expansions and model selections, to extend this kind of results
for bounded continuous functions v to that for any continuous function ¢ with
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polynomial growth, that is, any continuous function v for which there exist some
constants C' = Cy, > 0 and ¢ = ¢, > 0 such that

()] < 1+ |lz])?, Vo e R (1)

See the discussion in Yoshida (2011) for the importance of this problem.

We observe that, when we have an asymptotic distribution result of an estima-
tor, namely R, (0,,—60y) —2 L(y) where R, is a (possibly, random) diagonal matrix
and the limit random vector L(fy) is not necessarily Gaussian, it is sufficient for
the generalization to the case where 1) is a continuous function satisfying (1) to
check that || R, (6, — 6o)|| is asymptotically L,-bounded for some p > ¢, that is,

lim sup E[|| R, (6, — 60)]]7] < oc.
n—oo

In the first part of the talk, a set of sufficient conditions for the above claim

was given in a general framework of Z-estimation.

2 Z-process method for change point problems

Introduce the partial sum process

[un]

1
M., (u, ) = - > log f(Xi;0), Yu € [0,1],
k=1

and consider the gradient vectors M, (u,8) of M, (u,8) with respect to 6. Let 0,
be the MLE for the full data X7,..., X, as a special case of Z-estimators, that is,
0, is the solution to the estimating equation M, (1,6) = 0.

The fact that the random process

U~ /nM,, (u,0y) converges weakly to  u~» I(6y)*?B(u)

in the Skorohod space D0, 1], where u ~ B(u) is a vector of independent standard
Brownian motions, is immediate from Donsker’s theorem. However, it does not
seem so well known that the random process

u~> /nM, (u, én) converges weakly to u~» 1(69)/2B°(u) (2)

in D|0, 1], where u ~ B°(u) is a vector of independent standard Brownian bridges.
Horvéth and Parzen (1994) is apparently the first to introduce the statistic

771 =N sup Mn(“a é\n)—rfn_an(ua é\n)

u€el0,1]

for change point problems, where fn is a consistent estimator for the Fisher In-
formation matrix I(6y). It is immediate from (2) and the continuous mapping
theorem that
To —* sup ||B°(u)[]*.
u€(0,1]

In the second part of the talk, a general theory based on this idea was presented.
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=2 —(BIRREXF)

2012410 H 25 A
& 5 %D Implied Default Probability % % O {3317 D& (Risky bond) & Government
bond (Risk free bond) & ® 457 (Yield Spread) % FHWEET 5 HIEIZOWTHELET 5, B
Tl Duffie+Singletone(1999)1Z £ % =2 —7K L — bR > ik U2 &S0 7= Implied probability
DFEFT e HEE 15 % TakahashiQO1DIZHESEMN T2, NTA MY w7 ET N ) 3T A
U > 7T AMITEFIL (B7e) Calibration WS, HIFE DA THIUL/ ST A —H
2 OLS HEE S b, 7272, R Calibration 72 2 & DMNAYIZHRY RO ? £z, BIZHZ
Tholol LTHHE I N/ T A— 2 372 5 E Z Fi2h T 5, Takahashi(2011) Tl
Implied 727 L'— AU —27 O T OLE (&S < HEE B2 — B IS 2 FFo7oicid &

DIRIRET NV AERIE LT TR b0 na B4 L, HI(Z Calibration DR & il L7,

—75. Implied 727715 THEE S T-BIPERERITZ < O a . MLod ik THEE S L7k R &
REL o> TND, ZHUT BFIAT Ly NICHEL 52 5 BERBEHRL L TOMREBMELER L
TWAHEIZ XK D, AR D% Y- Tl Duffie+Singleton OFFERET LD T L—L T —7 O
THREIMEZ BRI B R T 2 —HIEZRET 2, MEBMERA T Ly FIZE2 R EICHONTE
< DEFHFZEN S SN TE TV H D, £ <13 kR Duffie+Singleton €7 /v D X 95 72, Frad
Reduced Model @7 L—ATU —7 LIFMNLIRE T /WIZE > TV D, A Tix, GF) Bk
ZAEFRMMERTERFIC BT D ) A AORE S & REMHEREZ ERT D 2 L IR VH—ICHS 2
LERRET D,

TEMENBLE S NDEHE & LTRSS Cid Bid-ask spread & No-trading period ™
FEEHERET D, ZNHIZE VBB E TIZO—EDRM A LI & b &R
2. @/ A XBHAETDIEA S, £ TAR TIIOIZE L TSR MET v, @Il2o
W TS TR BN 72 T35 L 0 RER (kfFOREIZFFD) RTT 40U T 1 —
DIFIEEAET 5o Ax TSI E T2 &A= 0 [THERRET V. At > 0 [ FHERIFH
ETTRIE LTV D, (TaEEIZADRD JFTh D), KA v MIFERBIN R TSI
B DEARBEO S EEKNE L(Q FPr) & B 72 &2 R ET 5 R ZEM .
(QFPré ) 13 I By A 70 E PEAl b 2 PRE T D MERZE 45, Z o, EER

POET) = s PR T) ALITOBICHEIT 5, YR LIC/R5 28, EEARFO

TREMED REE & U The/NIG IR At OB L IREIE PEIC Kk 5D/ A XDIFE,
QHEAFHN NI L 2 FI T EEL e & KB DIERICTd 5, 7272 L, PO (¢, TIZIEIN
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Ft} = C(k, At) EM{ exp[— Zi“:TNt R(t;) At]|F¢}
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Brownian quantiles ZRVEZERBITORH
—BREREHE =FHRE

BHEI7MFTIADSFICHKRVT. Brownian quantiles EFEENSENHD ., ChiIFEEIBIE
DEJRBHNMERBRT—ILTIEED " IEFHHETB“(CE AT S 5 3X#k ([11-[7],[11],[12],
[14D) [CRPN B LS. T TICHEE S HRIEHIBETETEN. BMEIPMTVARDHOIFYFY
bATY3avOEBEMIEERICENDN TS ([8],[91,[18]) . COER. HEEBIECHTIMEE
BOT. Th B AP EEBETHIZRNBRVEAIEETHD, oT. CCTRUBHEFEDZE
REBHICAWSEERAHD. SEIDHKRTIE. TORALBEE. BOHDHABBEOHICEE
THRNT 5. TNENFEEBWBHE TR HEN, PATPEHROBMH(COVWVTEARS, TAT,
ZERFEHTCH(ID Truncated case THB([10]),

RUTMIZDTFOUEE) Xi=p -t+to W, BE A%, CCTo [FBEAMELTHS t [&(0, T) DEi
BICHIET D, T<otTH W, [FD1—F—iBIETHD. W, =0.

B =0 ZIRIEHE BT SR ERIEZE A,

:(1) K%[0, o] HDEEDOHLETS. [0, 1 IRMICETIEREDa [CH LT, B H3 LA
LUTICHETZRMORSHa T THREE, EDLALZA -quantile (m(a JEEL) EFESH,
O m(a )KL FTHIEELST TISROLON TS FNEFA LT, m(a )DIEBRICER LA
WK,H3 M K(a ) EENHD, ST, FRMHELTE, BREIRERM [0,TIAT, 2FNEAKRICES %
FTEED K D LEICESHERMNa T 2BA5EEELEVTRERREEMNTS,

COBEKE. [0,1IZEADTATDa [COWVTERTED, RICEABNECLE, EDa ZHEID
HRIWDTHS. —2DEFZFF. EROELEBELSRLBEVNGD, 2ENE LR O FFEN
BH/PEVLDERSETHS ., Brownian quantiles DFER S H /DT TICHETNVZDT, C
NIFREBRICAIBETHSD . HI—DFABNEAET. BRH N TH3H, LEED K DRFNSH—
B ToHNIE., BIRORMBIEIELY,

1(2) RICELRBRHRBREICOVWTEZS, p DELFEOMLIEDEICEILTIHZ t, FHRH
TERETHS. t, ZHARIO TINDEREDEZLIET S, BZl t, LAATELLRDBLERDEDOLAIL
DOESICRVTHEZCEBOTUONIE, p DEFELVZEOZHETS . HIEOEREEZHE
El&. Zo0Him [0, t, &ty . T1L.HBWE0,TIEL, ,TICIBFE m(a )ERAWSDH—DODF B
THdo oI, METEELT m(a ) EAWT(Z, /VINSA MY ZERLEDLSIC, Wilcoxon
DIERLFIBEET B ZRAVBEL TRETH AN REREE S MWIFHATHS.

: GER) . BRICHT3BRIEHEEFZIICITHNEDT, LREDEHRFEHERROEIEROD
HEETROHERI T, empirical [CHRONBINEGLE ZOEHICE . BEHREZIOREEBIEDE
HEEENAOIGR I BRSNIDENHD, FDEAXR—HIELT, Ngo Hoang Long (2010) 2%
Hb,

ABMARKZICHRVT, RRFOFLLDHEAZBNTIRENFoN., SOCHEEMIAV
EVERDRCER . SBROMEROBH IS, CCICERBMOBERTIRETHD.
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LIEMGmEZE AT, ZOBRICHV 2 EE, RETH 20588 T — 710 2B/, RET 1
Zim L3R D BRARERDIINT W EDY, 2 2T, Srivastava (1984) THW SN TW 3 %4
B, REEZ MW 5. BARIIZIE Koizumi et al. (2009) 12 & > THRE I 41TV 5 Srivastava (1984)
DEERELE, RIEZ S LI L RGN 2 ERMEBCER TR (MJB, EW5) YR %2 Wilson-
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Hotelling (1936) IC & D25 & N7z IEHERBI 0 # (Canonical Correlation Analysis; CCA)
&, Ely] = 0, Var(y) = Eyy, Elz] = 0, Var(z) = Xuqe, Cov(y,z) = yp DHERLZH y
& x OB OMBZRAET ST & T, y & o OFIEGRZ T 5 FiETH 2 GEHIIZ
Srivastava (2002) 7% EZZM). DF D, Cor(ad'y,b'z) ZHRANICT 2 U HZRKEEDOXRNT Ml a,
B72RDT, THZITI THETHS. TTT, Byy, Baz, Bya FETRHTH D, det(Xy,) # 0,
det(Bge) #0 &3 %. CCADHMEXRTENELEINS:

a'Yy.b
arg max .
BTab JaSyyay/bSab

CTT, AT —IVOHHEICHTHHIE LT aSyya=1L bE.b=1ZMA% &, AT
DL TEZNABTENTES:

arg max a'Yy.b under 'S ya =1, b'S:b=1. (1)
a7

CCA &, Doeswijk et al. (2011) 57305 K51, BIIETEZ  DJSHBEE THW STV
5. X2, (1) Dff o & BERDZT=DIE, RDF T 52T 2 DREFEEDN XS HOENS:

%(Q’Eyya —-1)— %(blﬁwmb - 1),

T T T, by, 0, FIFEDRERKTH S.

OL/(0a)|a=a = 0, DL/ (9b)|p—p = 0 ZfR< &, B B 1 (Eya) Tyy Sye DIKAEAIEIH
IS BEAENT MILE LTRBN, adRAKEEHEE B05G5N5. LIED>T, ZNTHhO
HEE R Sz, Syz, Syy £9 5L, Sz4(Sya)' Syl Sye PEEMITEZREL T & T a, B OHEE
Ba, BIMEENS.
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