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Tests for mean vector with two-step monotone missing data
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Bayesian Inference for Stochastic Volatility Model with
Spatial Correlation: Application to Regional Business Cycle

in Japan
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Asymptotic expansion for Hilbert space valued random variables and its
application to symmetric statistics

Shuya Kanagawa
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1 Introduction

Let {&,j > 1} be iid. real valued random variables with a distribution p and w (z1,z2, --- ,zm)
be a symmetric function. A statistics with a kernel function w is called a symmetric statistics. We
consider U-statistics and V-statistics which are typical examples of symmetric statistics.

Example 1.1 (U-statistics with degree m)

1
U, := n Z u(giufiw aéim)
( ) 1<i1<in< - <im<n
m

Sample mean : u(zx) =z (m=1)
Sample variance : u(x1,22) = 5 (x1 — z2)*  (m=2)

Example 1.2 (V-statistics with degree m)

Vn =" Z u(&’h?gim 7£im)

1<i1<io<- <im<n

Cramér-von Mises-Smirnov Statistics :
u(zy,z2) = /
0
1

1
v, = m/0 w(2) (Fy (2) — 1)2 da,

where w () is a weight function and F, (z) is a empirical distribution function for samples §;, 1 <
Jj<n.

1w (u) (I{xlgu} - u) (I{mgu} - u) du (m =2)

and

The kernel u (x1,x2, -+ ,xn) is called ”degenerate” if for any zo, --- , 2,

o0
/ u(y7x27"' ,xm),u(dy):0
—0o0

In this paper we improve the poof in [13] to show the Donsker-Varadhan large deviation principle
for U-statistics and V-statistics with a degenerate kernel. The obtained result holds for not only
continuous but also piecewise continuous kernel. Furthermore we consider an Edgeworth expansion of
them. The main scheme used in the proofs is constructed from some limit theorems for sums of Hilbert
space valued random variables and its application to a Fourier series expansion of kernel functions of
these symmetric statistics.



2 Representations of U-statistics and V-statistics with degree 2

Put 9 1
u, = ——— Z u (&, &)y, Vni= — Z u (&, &)
n(n—1), =<, 1 <iT<n
Then we have
1 1 -
Wa=— 3w &)= > Y Mge (&) o (&) (10)
Ni<ij<n N <ij<nk=1

:%Z)\k Z gk (51 gk 5] Z)\k{zgk 52 }
k=1 v

1<4,5<n

1 n
h(\/ﬁ;@)
2

vn(n—1) 1<;<n

Furthermore

n(n—-1)U, = u (&, &)

:m(iﬁ YD Aok (&) gk (&)

1<i<j<nk=1

m};AkKKZngk (&) gk (&)

\/ﬁZ)\k [{ggk (&)}2 - ggi (&)]
St ) )]
-t } PR

_ n h(liGZ)— 1 i)\kigz(&).
n(n—1) \vn=H von=1)/= "5 n

3 Edgeworth expansion of symmetric statistics

Combining Bogatyrev-Gotze-Ulyanov (2006) and the representation of V-statistics defined in Section
2, we easily obtain an Edgeworth expansion of V-statistics.

Theorem 3.1 Let {{;,j > 1} be sequence of i.i.d. random variables with a distribution p. Assume
all assumptions in Theorem 7.4 for u(x,y). Then, under some technical conditions for Gy, we have

T}—Al(T) =O<i>,

where Ay (r) is the first term in an Edgeworth expansion of P{n|V,| <r} and Z1,Zs, -+ are i.i.d.
N(0,1) random variables. We also easily show the similar result for U-statistics.

P{n|V,| ST}—P{

i Ak (Zlg - 1) + Efu(é1,6)]| <
k=1



2EBIBESAD/ DINTA MY VY HE
BB (LHBERERZREFLTER)

1. LI
2 WITHERIERA 7 bV (X,Y) OEDIAITOTIE T 1 Oy T
BV, FRFEFREE S(x,y) =Pr(X > 2,Y >y) 3, 2 EEMESA

S(z,y) = exp {—(x +y)4 <a: —yr y> }

THZONDHEEICONWTEX. 22, B A [0,1] — [1/2,1] 1354
A0) = A(1) = 1 ¥ max(1—t,¢) < A(t) < 1 (V¢ € [0, 1]) Z 7= 4B c
® V| Pickands (1981) OHEBEMEREK & Kidh b, AFBIZBNT, ZOE
PERA¥L D 7 L xT A MY Z HEE MBI OV Cigim L7z,

Pickands (1981) (C &> T—oODHEEBPERRE SN, TOHR E L TN
DIPOHEERPIRZE 7z ((Deheuvels 1991, Hall and Tajvidi 2000 72 &).
IS OHEE B % Pickands M E B & L5, F£72, Capérad, Fougeres and
Genest (1997) (%, Pickands B & 3R 72 52 OHEE & (CFG HHEER) 22%
L, #MEERIC X - T Pickands BH#EE & L CFG M EREL LB L2, 2D
EEFERIL, CFG B EEN Pickands B LV EELWVWZ L E2RL TN,

Segers (2008) 1%, Pickands T & & & CFG BUHEE & 2 —89I1CH 5 KB
ZHZ2, 2EEOMSIMED T T CFG ZUHEE &1 Pickands BUHEE &1 T
BRI X VAR TH D Z LR LT, AEICEW T, Pickands AU HEE &
& CFG RMEROM 2 G 0MERD 7 7 A2 ERLL, 2D T AET
D HEE B O AP B SV Calam L 72,

2. Pickands it BHEBE#O#HTEE

RIRFAEFFBEL S(z,y) D DEIELEAR % (X;,Y:),i=1,2,...,n & T 5.
EED € [0,1] 1% LT, &(t) = min (%%) Li=1,2,....n LB, =
® L %, Pickands(1981) #E7E k1%

I/Ap(t) — ﬂ_l Z gz(t) — n—l Zmln <1)izt’ %)
i=1 i=1

LRV ERSND. xR LTz Deheuvels (1991) #E7E &%

1/AP(t) =n~? Z{fi(t) —(1-t)(X;i = 1) —t(¥; - 1)}

DiEFKIND. F7z, Capérad, Fougeres, and Genest (CFG) (1997) #
=S

T
B 5

—log A(t) = n~! Z [log &(t) — p(t) log X; — {1 — p(t)} log V;]



IZE W EF S DH (Beirlant et al. 2004, Segers 2008). 7272 L, p(t) (XX [H
[0,1] LOBEE R EABEETH .
AREIZBWT, &(t) % Box and Cox (1964) D FEZ

pr(x) =A@ 1) (A>0),  @o(x)=logx
TEH LIz L&, ZOMHEICRET 5%

LI+ Nea{1/A@®)} = Elpa{&(t)} — alt)ea(Xs) — b(t)pa(Yi)]
“ATHD( 4+ ) = {1 — a(t) — b(t)}

MRV LD Z L IZ& H L, Pickands TERYEBISI X T 28 - B B2 12 %
Liz. 2L, T RA L ~BETHY, alt) & b(t) 13 [0,1] L5 7 H A B
HChn. TOHER Ax(ta(t),b(t)) 13

n

1

ex{1/Ax(t;a(t),b(t)} = mZ[m{fi(t)}—a(t)w(Xi)

=b(t) pa(Y3)] — ex{l — a(t) — b(t)}

LRV EREIND.

HeE B Ay (t;a(t), b(t)) OWRERIME (—EbE, WL ESMREY) 2~
Z DML A BMET D &0 9 BRICB W T O K B 2R BB OEINIZS
W bhEkam L7z, $£72, Marshall and Olkin (1967) ® 2 &M ET L
Db L THHI A B 2 A% 5 2, £ OARITIES W THEE & O
A T o 7.

SE 3
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1B IZB W TE RS BILEIERIE SN, IS SN TWADIZHLT, 25 RICBITERZAH
TR O L H LA TR O T B B TOD T bILD. —2I3, 1EhLEDOSE 0L A hE
1ETHRUTZ 22 HAF RS D2 BB ZN R EL, SRS R TR nedTh A, EIERDOIT%
BALE LTz Scheffe B 0 % & b 15135 21X JA HE(1977)X° Hirotsu(1983) THE BRI N TV D,
Gilula(1986, JASA)X°, Greenacre(1988, J. Classification)? correspondence analysis HAE HI I [F] UHE
FHEZREEL WD, FEHEELTE, 28i Tk X7 O BN E T ER SN, ZIUXEIZED
DOLTET — VLT HR D28 O BB IRIRS 4172, Hirotsu(1983) Tlix 2D A & M2 LR5F I
A 2720 D2 B L LT, Wishart 178105 KAR D43 i 28T Y, Greenacre(1988) ThZ il
A FAS TS, Gilula(1986)1% B R 43 i & LCili OGS y° 2Ty, LVRTFHTHD.
Hirotsu(1991, 2009) TIZSHIZ3FELL LD E ITHEM O — b —SRIEBE 25 AT 2281280, RS
i &L C Wishart 1751 D KAR D53 70 & FHWDZ EDO RSFIE AR L T WD,

B K HE B R BT o D8 & ik, B OME Bt 2Ry 25 L R0 R ICE Rk
WShd., €O E, ZIAMIIREE Wishart 17510 KARD 5347 L722 DIV BIREE (72 D73, Z D85
BIERR AR TRk D, 1T OKEICH RARNEFE R EIEAIT DR TOIES %
BEZDHTEITE R A2 E T, Scheffe M £ 8 g L1308 H TR . 22 C, 2 b Bkt b 2R - Chil
T2 ERET 5. FIOZEILEIEL ATOENESFRICE X IILI N, 17, FIO 712 AR
NEFF 238> 255551, 0 7 (22 b Rkt b it - 2Bk & O it AR 22 22 & 03k 5.

2. BERIO—fll — T

axb KO (i,)) VOB EE Yy, , ITRMER,, ITzEC,, Rz N TERT.
r=N"2(JR R, ¢=N">(JC,,\JC,) LT, R B5LUC enznr Bk
CeltEZ T2 (a-)xa L0 (b—1)xb OEZATHIELTE#T 5 Hirotsu, 1983). 51T
2y =y, [\JRC, /N LS, 2, #IFFICBLTRERIOE S ~7h A% £ 855, 22T, — i
PERROIZERATOm R, G, ={¢q, ++q,,+ 1, q++q,}, k=1 m&¥5b ZD
L, BER O—ifb RS

73(G3G,) = max|(y' ® C')z (1)
TEFTS. 2770, max 11y = (Y, --,y,) (BT DK 0% FToR KL EE®R TS,
yr=0, =1 r.=ARI/T)"”, ieG, T, =Goitfit, k=1m.

T, YT ET —ALlemxb 2nROEFRLET DL, (1) RFHFOFHEIZEY,
w, =(T,/N)2C(C7 Y, C 7Y, ) ELT, D wow), O KA —50 95, ZAudss
B7ZRGEE LT, 21T M2 B O R BREE 2 5 Lo — k& /e > TV, Z2°C, B 4AA 1 Wishart 1T
FIW (1 inamrpy-M8X(a = 1,b=1)) OB KIROI A THHD, T (DRICBWTHE BB ZR
TB DG A TS 375, T70bb, 1 kb 3 il <l Wishart 175D KARIZ X 234 O
SEYER RIS TN DI E DI D,
3. FNCHRRIERFABY, By iR a ElE 7558

RO (1) T, BT C' ORAT 22 M L k(o E & ez 72 C*' (Hirotsu, 1983 3 1R)
FRORIEEV. a>b OBA IS BT, W EBRMEORED FIZAZ Wishart 17 51
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RIRDH 2 IRITKE T DN B ERD LMD, Py Koy (CRBITBLAE KROS5 47 0 KA BV I
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WZDOWTIEY H &7 5.

4. BRRRIEFF 275 JELTIZ8 D% HIL#
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x RO RKEEAFKFRELT D, ZHUTE, DBIFRITBET D~ v a7 E2F) L 72 1F e i 525t
HIENREH DO T, Y ABNT 5.
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AR LT 2 BRI ST OV TE TR ERGLN TV,
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KT (1977). DEIRICE T 5 LEILB LAKEORE ST, BARMEFHERGE 7, 2
27-33.
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