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There exists a large literature of the theory of orthogonal polynomials in one dimensional argument, and various aspects of the orthogonal polynomials have been discussed (see e.g., Szego (1975)). Simon (2005) gives discussions of the orthogonal polynomials on the unit circle.

In this paper we give thorough discussions on the orthogonal polynomials with one (and multiple) matrix argument, in particular, Hermite and Laguerre polynomials associated with the matrix-variate normal and Wishart distributions, respectively.

Various mathematical and statistical aspects are presented for each of these two systems of orthogonal polynomials. These are e.g., generating functions for the orthogonal polynomials, series expressions in terms of zonal polynomials, Laplace transforms (Fourier transforms), Rodrigues formulas in the forms of both differential and integral equations (inverse Laplace transforms). The matrix-variate normal and Wishart distributions are considered as Meixner classes of multivariate distributions, whose generating functions for the orthogonal polynomials are of certain special forms (see Chikuse (1986)). The problem of linearlization is also considred for the case of matrix argument; see Andrews, G.E., Askey, R. and Roy, R. (1999), for a discussion of the problem for the one-dimensionl orthogonal polynomials.

Further extensions to the orthogonal polynomials in multiple matrices are discussed. Here, the theory of invariant polynomials with multiple matrix arguments are utilized for the derivations of the various properties of these extended orthogonal polynomials.

   We present some applications in the asymptotic orientational analysis; here in particular, Rodrigues formulas are useful for deriving asymptotic distributions of matrix variates or eigenvalues.

   Jacobi polynomials with matrix argument, associated with the matrix-variate Beta distribution, were introduced by James and Constantine (1974). Some interesting properties of these Jacobi polynomials were derived by Davis (1999); orthogonality with respect to the Beta distribution, expansion in terms of invariant polynomials. Extensions to the Jacobi polynomials in multiple matrices are to be considered.
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