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1 Introduction

As is the case on the real line, the most familiar distributions on the circle are symmetric
unimodal distributions with two parameters, one controlling location (centre of symmetry), the
other scale. Among such distributions on the circle, the distributions which have played cen-
tral roles are the von Mises and wrapped Cauchy distributions. In this article, we propose a
four-parameter extension of the von Mises and wrapped Cauchy distributions which allows for
both asymmetry and variations in ‘tailweight’. The approach to derive our model is one of
transformation and the key notion is the important circle to circle function which is the Möbius
transformation. An application of the distribution to a regression model is briefly considered.

2 A family of distributions on the circle

Let Θ̃ be a random variable which follows the von Mises distribution with mean direction 0
and concentration parameter κ (≥ 0). Apply the Möbius transformation to Θ̃, namely,

eiΘ = eiµ eiΘ̃ + reiν

rei(Θ̃−ν) + 1
or Θ = µ + ν + 2 arctan[w tan{1

2 (Θ̃ − ν)}],

where 0 ≤ µ, ν < 2π, 0 ≤ r < 1, and w = (1 − r)/(1 + r). Then we define a new family of
distributions on the circle by Θ.

Theorem 1 The probability density function of Θ is given by

f(θ) =
1 − r2

2πI0(κ)
exp

[
κ{ξ cos(θ − η) − 2r cos ν}

1 + r2 − 2r cos(θ − γ)

]
1

1 + r2 − 2r cos(θ − γ)
, 0 ≤ θ < 2π, (1)

where γ = µ+ν, ξ =
√

r4 + 2r2 cos(2ν) + 1, η = µ+arg{r2 cos(2ν)+1+ ir2 sin(2ν)}, and I0(κ)
is the modified Bessel function of the first kind and order zero.

It is clear from the derivation that the distribution (1) includes the von Mises (r = 0), wrapped
Cauchy (κ = 0) and circular uniform (r = κ = 0) distributions as special cases. As κ → 0 or
r → 1, the model converges to a point distribution with singularity at θ = µ + ν.

Theorem 2 The density (1) is symmetric if and only if r = 0, ν = 0, π or κ = 0.

See Kato and Jones (to appear) for some other properties of the presented model.



3 Application to a regression model

We consider a dataset consisting of 73 pairs of wind directions at 6 a.m. and noon measured
each day at a particular weather station in Texas, U.S.A. To model this dataset, we use a
regression model which adopts the model (1) as an angular error. Let Yj and xj (1 ≤ j ≤ 73) be
the response (wind direction at noon) and the covariate (wind direction at 6 a.m.), respectively.
Then the regression model we discuss here is given by

Yj = β0
xj + β1

1 + β1xj

εj , xj ∈ U, (2)

where β0 ∈ U, β1 ∈ C, U = {z ∈ C ; |z| = 1} and {arg(εj)} are independent and distributed as
model (1) with circular median 0. This model is an extension of the regression models of Downs
and Mardia (2002) and Kato et al. (2008), which use the regression curve given in (2) and adopt
the von Mises and wrapped Cauchy distributions, respectively, for the angular errors. Here we
estimate the parameters based on the method of maximum likelihood.
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Figure 1: (a) planar plot of the wind directions at 6 a.m. and noon with the esti-

mated regression curve, and (b) histogram of the residuals and the fitted density.

Figure 1 shows the planar plot of the wind directions with the estimated regression curve
and histogram of the residuals with fitted density. From the figure, it seems that the estimated
regression curve provides a reasonable fit to the dataset and the estimated density displays a
satisfactory visual fit to the residuals. In addition, according to maximised likelihoods and AIC
criterion, the proposed model provides a better fit than the regression models of Downs and
Mardia (2002) and Kato et al. (2008).
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