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1. Introduction

Tensor type data are becoming important recently in various application fields. The
factorization of a tensor to a sum of rank 1 tensors means that the data is expressed by a
sum of data with simplest structure, and we may have better understanding of data. This is
an essential attitude for data analysis and therefore the problem of tensor factorization is an
essential one for applications. In this paper we consider the rank problem of 3-tensors with
2 slices. This was studied in the 1970’s and 1980’s by many authors. JaJa [JA1, JA2] gave
the rank for a 3-tensors with 2 slices. He used Kronecker canonical forms of the pencil of
two matrices (cf. [G]). Results by Brockett and Dobkin [BD2] are useful for giving a lower
bound. JaJa showed that the rank of a Kronecker canonical form without regular pencils
is equal to the sum of the ranks of direct summand. However, the rank of a Kronecker
canonical form is not equal to the sum of the ranks of direct summand in general and it
depends on invariant polynomials. This causes to be difficult to determine the rank of
tensors. Our aim is to determine a rank of a tensor T so that A + T is diagonalizable for
a given 3-tensor A with 2 slices (see Theorem 3.1), which yields we also obtain the border
rank. In this paper we consider ranks of tensors over the complex and real number field.

2. Kronecker canonical form

Any 3-tensor of 2 slices is equivalent to a direct sum each of whose direct summand is

(A) k × � × 2 tensor (O; O),
(B) k × k × 2 tensor (αEk + Jk; Ek),
(C) 2k × 2k × 2 tensor (Ck(c, s) + Jk ⊗ E2; E2k), s �= 0,
(D) k × k × 2 tensor (Ek; Jk),
(E) k × (k + 1) × 2 tensor ((0, Ek); (Ek,0)),

(F) (k + 1) × k × 2 tensor (

(
0T

Ek

)
;

(
Ek

0T

)
).
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) is a 2k × 2k square matrix.

3. Main results

Let A and B be m × n rectangle matrices. The rank of a tensor (A; B) is obtained by
Kronecker canonical form. If (A; B) is equivalent to one consisting of the direct sum of

a mA × nA × 2 tensor (O; O) of type (A), an m
(i)
E × (m

(i)
E + 1) × 2 tensor of type (E) for

1 ≤ i ≤ �E, and an (n
(i)
F +1)×n

(i)
F × 2 tensor of type (F) for 1 ≤ i ≤ �F , and tensors of type

(B), (D) and in addition if F = R, tensors of type (C). Let α be the maximal integer among
the number of (xEk + Jk; Ek) of type (B) with k ≥ 2 for each x, the number of (Ek; Jk) of
type (D) with k ≥ 2, and in addition if F = R the number of (Ck(c, s) + Jk ⊗ Ej; E2k) with
k ≥ 1 for each (c, s), s �= 0.

Theorem 3.1. It holds m − mA + �E = n − nA + �F and

rankF(A; B) = α + m − mA + �E.

In fact there is a tensor T of rank α + �E + �F such that (A; B) + T is diagonalizable.

Corollary 3.2. Suppose m ≤ n and rankF(A; B) = max.rankF(m,n, 2). Let X = Y ⊕α,
where Y is (xE2 + J2; E2), (E2; J2), or (C1(c, s); E2). If n is even, then (A; B) is equivalent
to

Diag(X, ((0, 1); (1, 0))⊕�E)

and otherwise (A; B) is equivalent to one of the following tensors:

• (Diag(X, ((0, 1); (1, 0))⊕�E),0)
• Diag(X, ((0, 1); (1, 0))⊕�E , ((0, 1); (1, 0))T )
• Diag(X, ((0, 1); (1, 0))⊕�E , (x; 1))
• Diag(X, ((0, 1); (1, 0))⊕�E , (1; 0))
• Diag(X, ((0, 1); (1, 0))⊕(�E−1), ((0, E2); (E2,0)))

References

[BD2] Brockett, R. W. and Dobkin, D., On the optimal evaluation of a set of bilinear forms, Linear Algebra
and its Applications 19 (1978), pp. 207–235.

[G] Gantmacher, F. R., The theory of matrices, vol. 2, Chelsea publishing company, New York, 1959.
[JA1] JaJa, J., An addendum to Kronecker’s theory of pencils, SIAM J. Appl. Math. 37 (1979), pp. 700–712.
[JA2] JaJa, J., Optimal evaluation of pairs of bilinear forms, SIAM J. Comput. 8 (1979), pp. 443–462.


