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1. Introduction

In time series model building, it is usual to verify the adequacy of a fitted model by
computing residual autocorrelations. For this Box and Pierce (1970) proposed a test
statistic

TBP = n
m∑

k=1

r̂2
k, (1·1)

where ˆrk is the sample autocorrelation of lagk of the estimated residual process. Here
n is the sample size, andTBP is called the portmanteau test statistic. Under the null
hypothesis that the ARMA(p,q) model is adequate, Box and Pierce (1970) suggested that
the distribution ofTBP is approximated byχ2

m−p−q, ”if m andn are moderately large”.
However, Davies et al. (1977) claimed that theχ2

m−p−q -approximation is not adequate,
i.e., showed that, even for moderately largen andm = 20, the true significance levels
are likely to be much lower than predicted by asymptotic theory. Ljung and Box (1978)
proposed an improved version ofTBP:

TLB = n(n + 2)
m∑

k=1

(n− k)−1r̂k
2, (1·2)

which is called the Ljung-Box test statistic. However, Ansley and Newbold (1979) re-
ported that the asymptotic significance levels byTLB yield a serious understatement. Var-
ious modified versions of portmanteau test can be found in e.g., Arranz (2005).

In many application fields, portmanteau tests, especially,TBP and TLB, have been
widely used. It is very important to develop the systematic asymptotic theory which
grasps the portmanteau tests from unified view. This paper elucidates that the portman-
teau tests are essentially equivalent to a special form of Whittle likelihood ratioTPW for
the spectral densityf(θ1,θ2)(λ) of (??) in Section 2, which tests whether the residual cor-
relation parameterθ2 satisfiesH : θ2 = 0 or A : θ2 , 0. Then, it is shown that, under
H, for any finitem = dim θ2, TPW 9 χ2

m−p−q in distribution asn → ∞. This result
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is caused by the fact thatTPW uses the Whittle estimator̂θ1 for the modelf(θ1,0)(λ) and
that θ̂2(θ̂1) for the estimated modelf(θ̂1,θ2)(λ). As an auxiliary result we show that, if the
time series structure has Bloomfield’s exponential spectral model, then, for any finitem,
TPW→ χ2

m−dim θ1
, in distribution underH.

Next we propose a natural Whittle likelihood ratio testTWLR which is based on̂θ1

and (̃θ1, θ̃2) which is the Whittle estimator for the modelf(θ1,θ2)(λ). Then it is shown (i)
TWLR → χ2

m in distribution underH, and (ii) TWLR → a noncentralχ2-distribution in
distribution under a sequence of contiguous alternativesAn : θ2 = h/

√
n. Numerical

studies for (i) and (ii) are provided. They illuminate an interesting feature ofTWLR. Since
the portmanteau tests are important benchmark statistics, our systematic studies for them
give a unified view.
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