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The Ewens sampling formula &0 random mappings

(RS 2 i T T LB AR D R e B
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% DBEIT (CF,CR,..) DERIRTTY — I F VSN R BT Y VHERER (Z1, Za,...) DM
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% the Ewens sampling formula 0" random mappings 12X 9 % % D&% 1% 11 Hansen|9, §]
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Distribution Theory Considered on the Three Statistical Man-
ifolds

Yasuko Chikuse, Professor Emeritus, Kagawa University

In this paper, we give some discussions on the statistical distributions which are
considered on each of the three manifolds, that is, Stiefel, Grassmann and shape
manifolds. These manifolds are useful for analyzing practical data, in orientation
statistical analyses and shape statistical analyses.

The Stiefel manifold V(k,m) is the space whose points are k-frames in the m-
dimensional real space R(m), which is represented by the set of mxk matrices X such
that X’X is equal to the kxk identity matrix. The case m=k gives the orthogonal
group O(m) of mxm orthonormal matrices. A point of V(k,m) may be called an
orientation, extending the notion of a direction for k=1 (the unit hypersphere of
general dimension; circle (m=2), sphere (m=3)).

The Grassmann manifold G(k,m-k) is the space whose points are k-planes ( k-
dimensional hyperplanes in R(m)).The case k=1 is the real projection space con-
sisting of all lines through the origin. To each k-plane in G(k,k-m) corresponds a
unique mxm orthogonal projection matrix P idempotent of rank k. If the k-columns
of an mxk matrix Y in V(k,m) span the k-plane we have YY'=P. Thus we con-
sider the matrix space P(k,m-k), the set of all mxm orthogonal projection matrices
idempotent of rank k, which is equivalent to the Grassmann manifold G(k,m-k).

The Stiefel and Grassmann manifolds for the special case k=1 are treated as
the directional statistics and may be put into two categories, directed (spherical)
and undirected (axial, lines), respectively. There exists some large literature of
theoretical treatment on directional statistics for k=1.

The directional statistics are treated in earth (or geological) sciences (the origin
of the earth magnetic field, crystallography, palaeoccurrents), astrophysics, biology,
meteorology, animal behavior.... The analyses for the case kjmj4 occur in practice
in medical sciences, astronomy (vectorcardiogram, orbits of comets). Examples of
observations on G(k,m-k) arise in the signal processing of radar with m elements
observing k targets....

The shape of an object can be considered as the geometrical information on the

object that remains after allowance is made for changes of location, scale and ori-

entation. Statistical problems in shape analysis arise in biology, medicine, image



analysis, animal sciences.... Every set of k (not totally coincident) labelled points
in R(m) can be centred and scaled to give the mx(k-1) pre-shape matrix Z (with
trZ’Z=1) in the pre-shape space S(m,k-1).

We discuss distributions considered for each of the mxk X in the Stiefel manifold
V(k,m), of the mxm P=XX’ in the projection space P(k,m-k) and of the mx(k-1)
Z in the pre-shape space S(m,k-1). There exists the uniform distribution on each
space, and the test of the hypothesis of uniformity may be a natural one. We shall
consider distributions other than the uniform distribution. They are the Fisher
(Langevin) type, the Bingham type, ACG (angular central Gaussian) type, and the

combinations of these distributions.
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Bootstrap-based Bartlett-type adjustment
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A Nonparametric Test of a Strong Leverage Hypothesis

Yoon-Jae Whang

Seoul National University

The so-called leverage hypothesis is that negative shocks to prices/returns affect
volatility more than equal positive shocks. Whether this is attributable to chang-
ing financial leverage is still subject to dispute but the terminology is in wide use.
There are many tests of the leverage hypothesis using discrete time data. These
typically involve fitting of a general parametric or semiparametric model to condi-
tional volatility and then testing the implied restrictions on parameters or curves.
We propose an alternative way of testing this hypothesis using realized volatility as
an alternative direct nonparametric measure. Our null hypothesis is of conditional
distributional dominance and so is much stronger than the usual hypotheses con-
sidered previously. We implement our test on individual stocks and a stock index
using intraday data over a long span. We find only very weak evidence against our

hypothesis.
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Higher-order asymptotic properties of frequency domain GMM
estimators

Fumiya Akashi*

1 Fundamental settings

In this talk, we consider the frequency domain generalized method of moment (GMM) estimator, and discuss
the higher-order asymptotic properties of the estimator as Akahira and Takeuchi [1] or Taniguchi [3] did
for the maximum likelihood estimator of parametric models. Suppose that {X(¢) : t € Z} is a Gaussian
stationary process with the usual spectral density function f(w) and we consider the estimation problem of
0y € RP, a nonparametric important quantity of the process. We also assume that the information about 6
is summarized in the form Lo

o B G(w;00) f(w)dw = 0y,

where G(w;0) is an m Xx 1 vector-valued function, called a score function, and 0,, is the m-dimensional
zero-vector. It is well known that many important quantities of time series models (such as autocorrelations
of processes, coefficients of the best linear predictor/interpolator) can be expressed as 6y by choosing an
appropriate score function G(w;6). We call this 6y an over-identified pivotal quantity of the process since the
dimension m of the spectral restriction can exceed dim(f) = p. Kakizawa [2] proposed the frequency domain
GMM estimator of 8y as

n -~

N B _n = =
OovmM = argrgleagqn(O), qn(0) := 2Rn(9) WnR,(6),

where

n 2

R,(0) := % >GOOI x (M)dw, I x(w) =

t=1

n

> X (t) exp(itw)

1
2mn st

and Wn is an m x m symmetric matrix such that Wn LN W, with W being an m x m positive definite matrix.
We call W, a sequence of wighting matrices. Kakizawa [2] derived consistency and asymptotic normality of
the GMM estimator, and showed that the optimal weighting matrix is given as

v = 2 [ Gletacn) fewPds] (1)

™

—T

In this paper, we derive the Edgeworth expansion of the distribution function of the GMM estimator with
optimal weight (1.1), and discuss the bias adjustment of the GMM estimator in the sense of Akashira and
Takeuchi [1].

*Graduate School of Fundamental Science and Engineering, Waseda University.



2 Main results

Now we derive the asymptotic expansion of the GMM estimator with the optimal weight;

~

o O n
On = argmax P9 (0),  qfP(0) :=

~5 B (0)' VIR (6),

where V' is defined as (1.1). Hereafter we restrict ourselves to the situation where 6 is scalar. Under some
regularity conditions, we have the following theorem.

Theorem 1.

24, { /T (8 - 00) < v} = at0) - 2L { R 1)} ro(3). ey

where the coefficients 1(0), c:(ll), cﬁ) and cgll)l are given as functionals of the spectral density function f(w)
and score function G(w;6p).

Based on Theorem 1, we discuss the asymptotic median unbiasedness of the estimator, which is a concept
introduced by Akahira and Takeuchi [1]. Substituting cgl), cﬁ), c§11)1 and y = 0 into (2.1), we have

Py { 1(0)n (én - 90) < 0}

A0 Bl _ KB QB GIVIQN)(1)

n

1

“ 2T 00 31(00)72
where B(0), I(6), K(0), QM (#) and W () are expressed as functionals of f(w) and G(w;6). (2.2) implies
that the GMM estimator 6,, is not second-order asymptotic median unbiased (AMU) in the sense of Akashira
and Takeuchi [1]. If we put

(2.2)

To= Ot B(0) _ 4K (8,) +3QW 0n) VW (0)V QW (6)
S 1(0,,) 31(0,,)2
- B(6o) 4K (60) +3QM (60)' V"W (6o)V Q™M (6o) oL
G+ L {MO) ) }+ () (2.3)

then, the Edgeworth expansion of the modified GMM estimator 5;; is given as

2
Py {\/ﬁ (5;; - 90) < x} - (x\/I(HO)) + %cé(%kﬁ (x\/I(HO)) +0 (i) :
0
where the coefficient ¢3(6p) is described by B(#), I(6), K(6), etc. That is, the modified GMM estimator 5:
is second-order AMU. Note that we can construct consistent estimators of the coefficients appearing (2.3)
without assuming that the true f(w) and 6y are known. Thus, we can construct the second-order AMU
GMM estimator even if we know neither the true spectral density function of the process nor the true value
of the pivotal quantity.
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Robust estimation of frequencies

Yan LIU!
(Waseda University)

Abstract

Nowadays, the quantile estimation becomes a notable method in statistics for its robustness against
the moments of random variables. In this talk, we extend the idea of quantile in time domain to
that in frequency domain. The objective function for the quantile estimator in time domain can
be naturally extended into frequency domain. The quantile estimator in frequency domain has the
consistency for the true value. However, asymptotic normality of the quantile estimator based on
the bare periodogram does not hold, which is obviously different from the quantile theory for time
domain. We give the asymptotic properties of the estimator. The modified estimator for asymptotic
normality will be also provided.

keywords: quantile estimator, frequency domain, asymptotic properties of estimators

1. Quantiles in frequency domain

Suppose {X;; t € Z} is a second order stationary process. The observation stretch for the process is
defined by {X;; 1 <t < n}. From Herglotz’s theorem, there exists a right continuous distribution
function F'(u) for the covariance function R(h) of the process such that

R(h) = [ e F(dp), (h€ 7).

For simplicity from now on, write R(0) = Xx. Suppose the ¥th quantile A for the distribution
function F'(u) over 0 < ¢ < Xx defined by

A= FN () = inf{u; F(p) > ¥}. (L1)
Equivalently, for 0 < p <1,
A= inf{p; F(n)Sy' > p}.

2. Estimation for the quantiles in the frequency domain

In the estimation for quantiles in time domain, the check function p,(u) defined in the following
way is usually used (e.g. Koenker (2005)):

pr(u) = u(r — L(u < 0)).
I This work was supported by Grant-in-Aid for JSPS Fellows: 26-7404 (Liu, Y.)
1
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We minimize this check function to estimate the 7th quantile. The idea can be naturally extended
into frequency domain, i.e., define \,, for A by

An = arg min / pp(w — )1, x (w)dw. (2.1)

Here, the periodogram I,, x (w) based on {X;; 1 <t < n} is defined by
2

= 2.2

2mn ‘ (2.2)

1 - -\ ijw
Lx(@) = 5|3 X(j)e”
j=1

3. Asymptotic theory for the quantile estimator in frequency domain

Under the settings in the last section, we have the following results. The asymptotic results mainly
depend on Hosoya and Taniguchi (1982) and the proofs of Theorems in this section, based on
Pollard (1991) and Knight (1998), are omitted.

Theorem 3.1. Suppose the ¥th quantile X of the spectral density of {X;; t € Z} is defined by (1.1)
and A, is defined by (2.1). Under regular conditions on the process {Xy; t € Z}, then we obtain

An —p A

Note that the spectral density for the real-valued process is symmetry around the origin. For the
fourth order uncorrelated process {X;; t € Z}, the following theorem holds. We remark that the
asymptotic distribution is normal given a exponential distributed random variable independent of
the normal distribution. This is not expected only from the quantile estimation in time domain.

Theorem 3.2. Suppose the Yth quantile A of the spectral density of {X:; t € Z} is defined by (1.1)
and A, is defined by (2.1). Under regular conditions on the process, then for —m < A <0,

VA, = A) =4 N(0,67202),

where & is an exponential random variable with mean f(\) and

Wz

)2 (4%p? — dmp(m + N) + (7 + N)?),

g A
o? = 4mp? f(w)?dw + 27 (1 — 4p) f(w)?dw +
K4 18 the fourth order cumulant of the process.

4. Discussion

Adding a harmonic component m; to the stationary time series model, we have
Yi=my + X¢, me = Acos(wot + ).

The model has been considered for a long time. As already known, the maximum @y of the peri-
odogram is the maximum likelihood estimator of the certain frequency wy if {X;} is Gaussian. Also,
the quantity behaves well under the assumption that {X;} is stationary from Rice and Rosenblatt
(1988). In our numerical result, however, the estimator is not so good for the certain frequency wq
although the estimated quintiles are pulled around to the certain frequency wy.
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On Improved Estimation of Gamma Parameters

Hidekazu Tanaka (Osaka Prefecture Univ.)
Nabendu Pal (Univ. Louisiana at Lafayette)
Wooi K. Lim (William Paterson Univ.)

One of the most widely used positively skewed probability distribution is the
gamma distribution Ga(d, o) with pdf f(z|0, o) given as

f(z]o,0) = (F((S)a‘s)_l exp(—x/a):c5_1 (x > 0),

where 0,0 > 0 are the shape and scale parameters, respectively. In this talk,
we consider the estimation problem of § and o from the point of view of second
order admissibility. Based on iid observations X, Xs,..., X, from Ga(d,0), the
maximum likelihood estimators (MLEs) of § and o, denoted by &, and 6y, are
found by solving the equations

g(8) :=Ind —(8) =InR, &o=X/dy,
where
(0) == (8/06)InT(8), R:=X/X, X:=Y" Xi/n, X := ([, X)"".

The bias corrected versions of § and o suggested by Anderson and Ray (1975)
are given as

01 = b+ c1(8o)/n and &1 = Go/hn(b1),
where ¢;(0) := =30 + (2/3) and

ho(8) := [14+3n6 {(n —3)(nd — 1)} {1 4+(96) " — (nd) " 4+ (n — 1)(27né*) '} .

The conditional MLE of § suggested by Yanagimoto (1988) has the asymptotic
expression dy = &y + c2(d)/n + 0,(1/n) as n — oo, where c3(0) := 1/{204'(9)}.

First, we consider the estimation problem of §. Here, we reparameterize (4, o)
to 6 := (d,n), where n = do. The second order properties of the concerned
estimators of ¢ will be studied in the class C := {dy + ¢(6o)/n + 0,(1/n)|c €
C*(R2)}, where 0o is the MLE of 6. Let

Gi(0) := exp{ [, I8 (u)bs s (u)du}

for some constant &y > 0, where I?,(§) = 1'(§) —1/§ is the (1, 1) element of I°(6),
the Fisher information matrix of § per observation, and bs,;(d), ¢ = 0,1, 2, are the
first order bias coefficient of §; € C.

Theorem 1 All the three estimators 30, 51 and 52 are found to be second order
inadmissible (SOI). Also, the proposed new estimators 07 := &y + ¢ (8y)/n € C,
i = 0,1,2, are second order better (SOB) than 6; and second order admissible
(SOA) in C, where ¢q := 0 and

¢;(6) = ei(0) = {GOE(D)} ", Fil0) := J5™ {18 (w) /G(u) Y.



Remark 1 In Takagi (2012), the second order admissibilities and/or inadmissi-
bilities of a general class of estimators have been discussed, and using that result
the second order inadmissibilities of the three estimators, &;, i = 0,1,2, can be
obtained. A comprehensive simulation shows that 67 has the best improvement
over dp.

Next, we consider the estimation problem of o. Using the maximum likelihood
restriction 0 & = X, which can be justified by the moment condition E(X) = do,
it is tempting to derive new estimators of o from those of §. Thus one may
propose o o

62:X/52 and &::X/éj, i:0,1,2,
apart from &g and &; as stated earlier. Similarly, one may propose six new
estimators of o as
G;=X/¢u(0;) and &7 = X/¢.(07), i=0,1,2,
since E(X) = 0¢,(9), where ¢,(6) := {I'(d + 1/n)/T'(6)}". Here, we use the
reparameterization (0,d) — ¥ = (o, A) such that 1)(0) = —In(o}). In estimating
o, we restrict estimators to the class D := {69+ d(0y)/n+0,(1/n) |d € C'(R2)},
where ¥, is the MLE of ¥ = (0, A).
Lemma 1 As n — oo, the twelve estimators we deal with have the asymptotic
expressions
;= 60+ d;(Vo)/n+ o0, (1/n), 67 =60+ d(Vo)/n+ 0, (1/n),
Gi = 6o+ di(o)/n+ 0, (1/n), &7 = &0+ d; (D) /n+ 0, (1/n)

for i = 0,1,2, where

do(9) := 0, di(9) :=30{1+1/(90) +1/(276%)}, da(V) := —0c2(6)/6,

d; (9) := —0c(6)/6,  d;(V) == —ay' (){1 + 2¢:(0)}/2,

di(9) == —op' ({1 +2¢5(0)}/2 and & =(0, ).
Let

71-d(ﬁ) = eXp{f:O Ifl (U, )‘)bmd<u7 /\)du}
for some constant oq > 0, where I{,(9) = (6¢'(6) — 1)/{o?'(§)} is the (1,1)
element of 17(1), the Fisher information matrix of ¥ per observation, and b, 4(9)
is the first order bias coefficient of 64 € D.
Theorem 2 The estimators ; and ¢ are SOI, and ¢; and ;] are SOA in D for
1=20,1,2. Also,
6F = 60+d (Vo) /n and &7 = 6o+ d (D) /n

are SOB than ¢; and 67, respectively, and are SOA in D, where

df (0) := &i(0) = {mH;(9)} ", Hi(0) == [J{Ifi(s,A)/mi(s, N) }ds,

di*(0) = d;(0) = {mF (N H; ()}, H;(0) = [J{I7i(s, \) /77 (5, \) }ds.
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